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Abstract

Data selection methods address a critical challenge in LLM post-training: effec-
tively leveraging scarce, high-fidelity target data alongside abundant but imperfectly
aligned general training data. In this work, we move beyond the data-selection
framing and introduce Dr. Post-Training (Data-Regularized Post-Training), a
novel framework that reconceptualizes general training data as a data-induced
regularizer that prevents overfitting to the scarce target objective, rather than serv-
ing as a pool for selection. Specifically, our framework proposes that at each
training step, construct a feasible set of model update directions using the general
training data, and project the model update direction specified by the scarce target
data onto that feasible set. Standard training and existing data selection methods
arise as special cases with different choices of the data-induced regularizer, and
these methods correspond to different points on a bias—variance spectrum with
different regularization strength. Building on this view, we propose a family of
methods offering a richer design space and more flexible bias—variance tradeoffs.
For practical LLM-scale use, we introduce careful system optimizations that realize
these methods with minimal overhead. Extensive experiments across SFT, RLHF,
and RLVR show that our methods consistently outperform state-of-the-art data
selection baselines, and system benchmarks confirm their efficiency.

1 Introduction

Post-training is a critical stage where pretrained large language models (LLMs) are adapted to
desired downstream behaviors, including instruction following, dialogue, safety alignment, and
domain-specific reasoning. It is typically carried out through supervised fine-tuning (SFT) [Mishra
et al., 2022, Muennighoff et al., 2024] or reinforcement learning (RL) variants such as reinforcement
learning from human feedback (RLHF) [Christiano et al., 2017, Ouyang et al., 2022] and reinforce-
ment learning with verifiable rewards (RLVR) [Guo et al., 2025]. In many practical post-training
settings, however, the data that most directly reflects the downstream objective is scarce: high-quality
demonstrations [Ouyang et al., 2022], domain-specific examples [Ling et al., 2025], preference
labels [Casper et al., 2023], or task-specific validation data [Perez et al., 2021] are often expensive to
obtain. On the other hand, practitioners often have access to a large pool of general training data, such
as broad instruction-tuning mixtures [Wang et al., 2023a, Lambert et al., 2024], which are abundant
and cheaper but only partially aligned with the target objective [Gururangan et al., 2020, Xia et al.,
2024a, He et al., 2024]. This creates a natural tradeoff in post-training: training on the scarce target
data is faithful to the downstream objective but statistically noisy, while training on the abundant
general data is more stable but may be biased by the misalignment with the target.

This tradeoff has led to a growing literature on data-centric methods for post-training, including
heuristic filtering [Bai et al., 2022, Ethayarajh et al., 2022], data mixture optimization [Iyer et al.,
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2022, Wang et al., 2023a], offline data selection [He et al., 2024, Xia et al., 2024a], and online
data selection [Wang et al., 2024b, Hu et al., 2025b]. Despite their algorithmic differences, most
existing approaches are operationalized through prioritizing “high-utility” samples from the general
training data according to some notion of utility, which makes it natural to frame the problem as data
selection [Albalak et al., 2024].

However, the data selection perspective obscures a more fundamental question: how to effectively
leverage abundant but imperfectly aligned general training data to improve a target objective defined
by much scarcer data. Asking how this general dataset should influence the model’s updates, rather
than just which data to select, opens up a much broader design space.

In this work, we introduce Dr. (Data-Regularized) Post-Training, a framework that formalizes this
idea. At each training step, the target signal specifies the ideal direction for the model’s update, while
the general training data constrains the update by projecting it onto a feasible set supported by the
available training data. From this viewpoint, general training data act as a data-induced regularizer:
they do not define the target objective itself, but restrict the admissible ways the model can move
toward it, preventing overfitting to the scarce target data.

Interestingly, standard training and existing data selection methods arise as special cases of the
proposed framework with different choices of the data-induced regularizer, and they can be viewed
as different points on a bias—variance spectrum, corresponding to different regularization strengths.
Building on this framework, we further propose new methods with Group-Wise Subset Update that
explicitly tune the strength of this data regularization, enabling more flexible tradeoffs between
approximation bias and statistical variance.

Making this broader design space useful in practice requires addressing a second challenge: efficient
implementation at LLM scale. Data-regularized updates require comparing training samples against
the target signal and then assembling the final update from the selected samples. These operations
introduce per-sample dependencies that are absent from standard training, where backpropagation
usually computes only the aggregate batch gradient. A naive implementation would either run
additional forward—backward passes or retain much more intermediate information than standard
training, both of which are undesirable under the memory constraints of modern post-training
pipelines.

To overcome this challenge, we conduct careful system-level optimizations to develop an efficient
realization of Dr. Post-Training. We first develop a customized tensor lifetime scheduling strategy that
selectively retains and releases intermediate quantities in the computation graph to obtain the data-
regularized update within one forward-backward pass with minimal memory overhead. We further
develop efficient approximate algorithms that significantly mitigate the main runtime bottleneck.
We also demonstrate the compatibility between the proposed methods and modern memory-saving
techniques such as LoRA finetuning or activation checkpointing.

Empirically, we validate Dr. Post-Training across the three post-training paradigms: SFT, RLHF, and
RLVR. Across all settings, our proposed methods consistently outperform both standard training and
prior state-of-the-art data-centric baselines, while incurring minimal system overhead.

In summary, our contributions are:

* Framework. We introduce Dr. Post-Training, a novel post-training framework that employs
abundant yet imperfectly aligned general training data as data regularizers, with existing data
selection methods as special cases.

* Method. Based on the Dr. Post-Training framework, we propose Group-Wise Subset Update,
which provides a broader design space of data regularizers with more flexible tradeoffs between
approximation bias and statistical variance.

» System. We show that the proposed methods admit efficient implementations under the memory
constraints of modern LLM training.

» Experiments. We demonstrate consistent improvements of downstream performance over strong
baselines across SFT, RLHF, and RLVR, and conduct extensive system benchmarking to validate
the efficiency of our implementation.



2 Related Work

2.1 Data Optimization for LLM Post-Training

Data optimization for LLM post-training aims to improve downstream performance by prioritizing
high-utility training examples from large, heterogeneous corpora. We summarize several common
families and refer readers to Albalak et al. [2024], Deng et al. [2025] for a comprehensive overview.

Most existing methods approach this as a data selection problem, leveraging downstream performance-
related signals to determine which training examples the model sees. These span heuristic filtering
and quality scoring [Bai et al., 2022, Ethayarajh et al., 2022, Chen et al., 2024, Ivison et al., 2023, Lu
et al., 2024, Kung et al., 2023], dataset-level mixture design [Cao et al., 2023, Wei et al., 2022, Iyer
et al., 2022, Wang et al., 2023a], and offline example-level selection via influence-style estimators,
validation-based scoring, or importance weighting [Xia et al., 2024a, He et al., 2024, Wang et al.,
2024a, Koh and Liang, 2017, Pruthi et al., 2020, Ghorbani and Zou, 2019]. Online methods adapt
selection during training using per-step signals (e.g., loss- or gradient-based) to dynamically choose
or weight examples [Wang et al., 2024b, Jiao et al., 2025, Hu et al., 2025b], better tracking non-
stationary utility at the cost of tighter compute constraints. In contrast, our proposed framework takes
the dual perspective, where the training examples are used to regularize the admissible downstream
performance-driven updates, and unlocks a novel and broader design space.

2.2 Memory Saving Techniques in LLM Post-Training

Modern LLM training is typically under stringent computational constraints, especially memory
bottlenecks. Extensive research effort has therefore been devoted to parameter-efficient methods
and memory-saving scheduling techniques that allow post-training to fit within available hardware
budgets.

A common strategy restricts learning to a low-dimensional subspace. Low-Rank Adaptation
(LoRA) [Hu et al., 2022] injects trainable low-rank adapters into selected layers while keeping
the pretrained parameters frozen, significantly reducing memory and compute requirements [Han
et al., 2024, Renduchintala et al., 2024, Sheng et al., 2023, Zhang et al., 2023, Xia et al., 2024b,
Wang et al., 2023b, Dettmers et al., 2023]. Complementary to LoORA, Memory-efficient Subspace
Optimization (MeSO) methods [Zhao et al., 2024, Muhamed et al., 2024, He et al., 2025] instead
compress optimizer states and gradients by projecting them into a low-dimensional representation,
applying updates in that space, and mapping them back to the original parameter space for actual
parameter updates. We provide further details in Section A.

Complementary to low-dimensional subspace methods, memory-saving techniques restructure how
computation is scheduled to further lower peak memory. Activation checkpointing [Chen et al., 2016]
discards intermediate activations during the forward pass and recomputes them on-the-fly during the
backward pass, trading additional computation for reduced memory footprint. Another technique,
called gradient accumulation, is widely adopted in popular large-scale training frameworks [Rasley
et al., 2020, von Werra et al., 2020, Sheng et al., 2024], partitions a large batch into micro-batches
processed sequentially, accumulating gradients across micro-batches to simulate a larger effective
batch size at a fraction of the peak memory cost. Both techniques preserve the optimization trajectory
exactly and are widely composed with parameter-efficient methods in practice, making the resulting
memory management landscape particularly intricate for methods that introduce additional per-sample
computational dependencies beyond standard training.

In this work, we demonstrate that our proposed method integrates seamlessly with these techniques,
showing its compatibility with common post-training pipelines (Section 4.4).

3 Dr. Post-Training +7': A Data Regularization Framework

We now introduce the Dr. Post-Training framework, which views general training data not as a pool
of examples to select from, but as a data regularizer for optimizing a target objective. We consider
a post-training setup (Section 3.1) with access to two data sources: abundant general training data
and limited target data. The framework is formulated through an iterative optimization procedure
(Section 3.2) where each step draws a training batch and a target batch from these two sources. The



target batch specifies the objective, while the training batch regularizes the optimization by defining
a feasible set of parameter update directions. Under this framework, standard training and existing
data selection methods arise as special cases through different definitions of the feasible set induced
by the training batch (Section 3.3.2). Moreover, the framework suggests a broader design space that
explicitly tunes the strength of data regularization, leading to a new family of methods (Section 3.3.3).
Next, we show that the methods within this framework lie on a spectrum with a bias—variance tradeoff
(Section 3.4). Finally, we conclude this section with a remark on how the proposed framework may
generalize to broader training paradigms (Section 3.5).

3.1 Problem Setup

Consider a post-training setup where a practitioner has access to two data distributions: a general
training distribution, from which abundant training data can be drawn, and a target distribution, for
which only limited data are available. The target distribution represents the downstream objective of
interest, while the general training distribution provides a broader but potentially misaligned source
of supervision. Our goal is to understand how to best leverage the abundant general training data to
improve performance on the target objective.

This setup arises naturally in several common post-training scenarios: (i) general-purpose SFT,
where a curated mixture of diverse tasks defines the training distribution and a specific downstream
benchmark serves as the target [Lambert et al., 2024, Grattafiori et al., 2024, Qwen Team, 2025],
(ii) domain-adaptive fine-tuning, where a broad general corpus supplements scarce domain-specific
data [Gururangan et al., 2020], and (iii) targeted instruction tuning, where representative examples
from the target task guide selection from a large instruction corpus [Xia et al., 2024a, He et al., 2024,
Wang et al., 2024b].

Notation. We now introduce the necessary notation to formalize this setup. Let £(0; z) be a
differentiable loss function over model parameters # € R? and a data sample z. Let the target
distribution be P,, the corresponding population loss and the gradient are then defined as £, (6) :=
E.p, [((0;2)] and g,(0) :== VoL, (0) € RY. Similarly, for the general training distribution Py, we
define g, (0) := VoL () such that L,(6) == E,p,, [£(0; 2)].

3.2 The Data-Regularization Framework for Post-Training

We now formalize the central asymmetry in our setting: the target data determine what objective
should be optimized, while the general training data determine sow the update is allowed to move.
Our framework adopts an iterative optimization view in which, at each step, the update direction is
chosen to improve the target objective, but only from a set of directions induced by the training batch.
In this way, the training data act as a data regularizer: they do not specify the target objective itself,
but instead constrain the admissible target-driven updates.

3.2.1 Framework

Target-driven one-step update. Modern post-training is carried out by iterative optimization [Wei
et al., 2022, Schulman et al., 2017, Ouyang et al., 2022, Shao et al., 2024], where at step ¢, the model
parameters 6, is updated via

9t+1 =0; — TeUt,

where 1, > 0 is the step size and u; € R? is the update direction. Since the target objective is the
ultimate quantity of interest, we adopt a one-step target-driven view and choose the update direction
to minimize the next-step target loss within a prescribed feasible set U,:

uy = argmin L, (0; — nu). (1)
ueU;

The role of the feasible set is central: it determines which update directions are allowed at step .

Training-batch-induced feasible set. At each step, we draw two batches:

n idd. N ym  iid.
By = {2 ieg ~ Py, B = {Zj}jzl ~ P,



The training batch B; is used to construct the feasible set Uy, while the target batch B; is used to
evaluate which direction in U; best decreases the target loss L.
More concretely, for any set of data B, let gz (6;) denotes the batch gradient ﬁ > e Vol(0s; ),
and for convenience, we further write

9i(01) = 91z (00) = Vol(0i;2:),  g7(01) = ggzry (01) = Vol (0y; 25)
denote the per-sample gradients from the training and target batches, respectively, and define

Gtx(0r) = gp, (0) = Zgz 0:), G+(0t) = gp; (0:) = Zgj 0:).

We fix a step ¢ and omit writing 6, when it is clear from the context hereafter, e.g., g;, gj , Otrs Jx, and
also the population gradients g, := g.(6:) and gty = gtr(6)-

The key modeling choice in our framework is that U; depends only on the training batch By, typically
through the collection of training gradients {g; }?_,, whereas the target batch B} enters only through
the target objective via information such as g, as we will soon see. This separation makes explicit the
distinct roles of the two data sources: the target batch identifies the desired direction of improvement,
while the training batch constrains which directions are admissible.

3.2.2 The Dual Perspective of Data Selection and Data Regularization

The formulation above admits a dual perspective of data selection and data regularization, as
illustrated in Figure 1.

Question: B
. v'et—i—l
Given Target and General Data , how to update model 6; . 2
Data Selection View ‘ Data Regularization View
g, Closer 0” i Or+1
Ty X * T
(‘ A, % a i
I 9. t
Select S “closest” to B} : Regularize g, with B; via

Figure 1: The dual view of data selection and data regularization.

The conventional data selection view. The target objective determines which training examples
are most useful, and the update is formed from those selected examples. This is the perspective taken
by most existing data selection methods [Xia et al., 2024a, He et al., 2024, Wang et al., 2024b].

The novel data regularization view. The target objective specifies the ideal direction of improve-
ment, while the training batch regularizes this update by restricting it to lie in the feasible set U;.
Without such a regularization, one would attempt to optimize the target objective directly, but this can
be statistically unstable when target data are scarce. Constraining the update to directions supported
by the training batch can reduce this instability, at the price of introducing approximation bias when
the training and target distributions are misaligned.

This viewpoint suggests that the complexity of the feasible set controls a bias—variance tradeoff. A
smaller feasible set imposes stronger regularization: it stabilizes optimization but may bias the update
away from the ideal target direction. A larger feasible set weakens this regularization: it allows more
faithful target-driven updates, but may incur higher statistical variance. We formalize this tradeoff in
Section 3.4 after introducing some concrete instantiations of the feasible sets below.

3.3 Concrete Instantiations of the Feasible Sets

We next turn the framework into concrete methods. We begin by deriving a tractable approximation of
the optimization problem in Eq.(1) (Section 3.3.1). With this approximation, several existing methods



arise as special cases by specifying how the training batch induces the feasible set U, (Section 3.3.2).
We then use this perspective to motivate a broader design space of data regularizer via group-wise
decomposition (Section 3.3.3).

3.3.1 A Tractable Approximation of Eq.(1)

We first derive a tractable approximation of the optimization problem in Eq.(1). For arbitrary feasible
set, the constrained optimization for £, (6, — m:u) over u € Uy is generally difficult, especially
when U, is discrete. We therefore apply the majorization—minimization principle [Lange et al., 2000,
Mairal, 2013, Lange, 2016] with a standard smoothness assumption [Bottou et al., 2018, Nesterov,
2013].

Assumption 1 (Target smoothness). The target population loss L, is 3-smooth for some 3 > 0.

Under Assumption 1, the target loss admits the following quadratic majorization upper bound:

- - BIE |2
L. (00 = ) < La(0,) = milgeru) + =5 [l @)

where £, (6;) is independent of u and the population gradient g, is unknown. Hence, minimizing this
over u € U, and substituting the target batch gradient estimate g, for the unknown population gradient
g» yields a Euclidean projection u; = Projy, (g« ), or equivalently (see derivation in Section B.1):

uy = arg min|ju — g%, 3)
ueU;
We are now ready to show how different design choices of the feasible set correspond to different
methods.

3.3.2 Existing Methods as Special Cases

‘We now show how several existing training paradigms can be viewed as special cases of our frame-
work. For ease of exposition, we refer to these instantiations as the Targer-Only Update, the
Full-Training Update, and the Global Subset Update.

Target-Only Update. The least regularized instantiation ignores the training batch when con-
structing the feasible set and allows the update to move in any direction in parameter space. This
corresponds to choosing U} := R?. Because there is no directional constraint, Eq.(3) gives u; = §y.
Thus, the Target-Only Update recovers gradient descent on the target batch B}, completely ignoring
the training batch B;. In practice, this corresponds to fine-tuning exclusively on high-quality, task-
specific data [Zhou et al., 2023, Gunasekar et al., 2023]. The resulting update is unbiased for g,, but
it can have high variance when the target batch size m is small.

Full-Training Update. At the opposite extreme, the strongest regularization is obtained by allowing
only the aggregate training-batch gradient as the update direction. This corresponds to the singleton
feasible set U* := {gi,}. In this case, Eq.(3) trivially gives u; = gi,. The Full-Training Update
recovers standard gradient descent on the general training distribution, as in general-purpose SFT,
where the model is trained on a curated mixture without per-step target feedback [Lambert et al.,
2024, Grattafiori et al., 2024]. Here, the training batch imposes the strongest possible constraint on
the update direction, eliminating any per-step dependence on the target batch.

Global Subset Update. Between these two extremes, existing data selection methods can be
expressed by allowing the update to be the average gradient of a selected subset of training samples.
For a subset size k, define U8 (k) == {gs = +3ies9i: S C [n],|S| = k}. This feasible set
contains all k-sample averages of training gradients from B,;. Under Eq.(3), the resulting update is
obtained by choosing S; € argmingc,; sjxllgs — g« |, and then setting u; = gs,. We refer to
this instantiation as the Global Subset Update, since a single subset S is shared across all parameters,
in contrast to the Group-Wise Subset Update to be introduced next in Section 3.3.3.

The Global Subset Update interpolates between the target-only and Full-Training Updates. Its feasible
set U'°P (k) is richer than the singleton feasible set U™ = {g, }, but remains more restrictive than
the unconstrained feasible set U} = R<. However, solving for S is a combinatorial optimization



problem over training subsets. Expanding the objective and dropping the term independent of .S,
the subset optimization is equivalent to minimizing ||gs||? — 2(gs, gx). Thus, the objective balances
a first-order alignment term, 2(gs, §x) = 2 >, 5{9i, G«)» which favors samples aligned with the
target gradient, against a second-order redundancy penalty, ||gs|? = 7% > i.ires(is gir), which
discourages selecting highly correlated training gradients. The alignment term decomposes into
independent per-sample scores

S; = <gi7g*>7
whereas the redundancy penalty couples all samples in S, making exact optimization intractable.

Existing data selection methods can therefore be viewed as tractable approximations to this subset
optimization problem:

* Top-k. Choose the k£ samples with the largest scores s;, ignoring the redundancy penalty. This is
the cheapest strategy and is effective when samples are not highly correlated [Han and Tsvetkov,
2021, Hu et al., 2024, He et al., 2024].

* Thresholding. Keep all samples whose score exceeds a fixed threshold, yielding a variable-size
subset [Hu et al., 2025b]. This can be viewed as a variable-cardinality relaxation of the fixed-%
feasible set, and it also ignores the redundancy penalty.

* Greedy construction. Iteratively construct S; by adding the sample that most improves the
full objective, thereby accounting for redundancy at each step [Wang et al., 2024b]. This better
approximates the projection problem, but incurs an additional O(nk) selection cost.

3.3.3 New Data-Regularization Designs via Group-Wise Decomposition

The three instantiations above are only a few points in the broader space of feasible-set designs. In
principle, Eq. (3) allows many possible choices of U; C R? as long as it is independent of target
data; our focus here is the ones that actually depend on training data. We introduce a new family
of data regularizers: feasible sets constructed from the training batch that are more flexible than
Global Subset Update, while still restricting target-driven updates to directions supported by training
samples.

The motivation is to relax the global coupling imposed by UEIOb(k), where a single subset S of
training samples must be shared across all parameter coordinates. This can be overly restrictive
when different parameter groups align with the target signal in different ways. For example, a
training sample that provides a useful update for one layer or module may be less informative for
another. Thus, rather than selecting one global subset for the entire model, we partition the parameter
coordinates into groups and allow each group to choose its own subset of training samples. This gives
a controlled relaxation of the feasible set: it weakens the data regularization imposed by the Global
Subset Update, while avoiding the fully unconstrained Target-Only Update.

Group-Wise Subset Update. Let G = {G},}/_, be a partition of the parameter indices [d] into P

disjoint groups. For any vector v € R, let v(P) denote the subvector indexed by Gp. In particular,
gl(p ) and g&p ) denote the corresponding subvectors of g; and g.

For a fixed subset size k, define the group-wise feasible set as
U™ (k; G) = {u =M, .. u®): P e Ut(p)(k) forall p € [P]} ,
where
U k) = { g = 1 3 ol S Sl IS| =
ics

In other words, each parameter group G, is allowed to choose its own subset S; ;, of training samples.
We refer to this instantiation as the Group-Wise Subset Update. A practically important special case
is the Layer-Wise Subset Update, where each group corresponds to the parameters of a single layer.

The Global Subset Update is recovered as the special case in which all groups share the same subset,

Sia == Sp.



Therefore,

UF" (k) C UF™ (k; G),
with the inclusion typically being strict for nontrivial partitions. Thus, the Group-Wise Subset
Update enlarges the feasible set relative to the Global Subset Update. From the data-regularization
perspective, this reduces the strength of the regularization imposed by requiring a single global subset,
and can reduce approximation bias when that global constraint is too restrictive.

This construction also preserves a useful separability structure. Because the group-wise feasible set
factorizes across parameter groups, Us™? (k; G) = H;::l Ut(p ) (k), the projection problem in Eq.(3)
decomposes into independent per-group problems:

P
: A2 : (p) _ #(@))2
min u — = min u — .
UeUtglp(k’7g)|| g*H ;u(P)eUt(!O(k)H 9 ||
Equivalently, for each group p, we choose
2

)

Sy p € argmin Hgép) — gi”)‘

SClnl.|S|=k

and set 1
A=, = T ol

1€St,p

Thus, the same approximation strategies used for the Global Subset Update can be applied indepen-
dently within each parameter group. For example, the group-wise top-k rule scores each training
sample by

SZ(_P) — <g§P)7g£P)>
and selects the k£ samples with the largest scores separately for each group G,. Thresholding and
greedy construction can be adapted analogously.

The partition G, therefore, becomes a new design knob. Coarser partitions impose stronger data
regularization by forcing larger portions of the model to share the same subset, while finer partitions
allow more flexible target-driven updates. This produces a spectrum of feasible sets between the
Global Subset Update and the Target-Only Update, which we analyze through the bias—variance
tradeoff in Section 3.4.

3.4 Bias—Variance Tradeoffs

We now formalize the bias—variance tradeoff induced by different choices of the feasible set. From
the data-regularization perspective, the feasible set U, controls the strength of regularization imposed
by the training batch. This is analogous to the classical bias—variance tradeoff in statistical estima-
tion [Hastie et al., 2009], but here the relevant complexity is the complexity of the data-induced
feasible set rather than the model class.

3.4.1 Data-Regularization Spectrum

The feasible sets introduced above can be organized by their expressiveness. For a fixed subset size k
and partition G, we have

UE°P(k) C UF™(k;G) C Uy = R™
The first inclusion follows because the Global Subset Update is the special case of the Group-
Wise Subset Update in which all parameter groups share the same subset. The second inclusion is
immediate because all feasible-set designs are subsets of the unconstrained target-only feasible set.
In addition, the Full-Training Update is recovered from the Global Subset Update when k& = n, since

(e} 1 = T
UE (n) = ﬁzgi = U
=1

Thus, by varying the subset size k£ and the partition G, the proposed framework induces a data-
regularization spectrum (Figure 2): moving toward larger feasible sets weakens the regularization
imposed by the training batch, reducing approximation bias but increasing statistical variance.
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Figure 2: Data regularization spectrum. Different methods correspond to feasible sets of increasing
expressiveness (left to right), trading approximation bias for statistical variance.

In particular, Group-Wise Subset Update provides a richer family of data regularizers than the Global
Subset Update, allowing a broader design space with different bias—variance tradeoffs.

3.4.2 Formal Characterization of the Tradeoff

We now formalize the bias—variance tradeoff in terms of one-step progress on the target loss. Recall
from Eq.(2) that the decrease in target loss is controlled by how well the update direction approximates
the target population gradient g,. We measure this error by the conditional mean squared error (MSE)

MSE(u) :=E [Hu - g*HQ’Ot} )

where the expectation is over the randomness in the training batch B, and the target batch B} sampled
at step ¢. Under this convention, g, = g.(0;) is fixed, while Uy, Gt,, G+, and the resulting update u,
are random variables. Formally, we have the following:

Lemma 3.1. Assume Assumption 1. Fix 0, and let 0 < n; < 1/B. For any u with E[||u||? | 6;] < o,

E[£.(0+1) | 6] < £.(02) = Tlgull? + 3 MSE(uw).

We note that Lemma 3.1 holds for any u, and the proof can be found in Section B.2. Now, given a
data-induced feasible set Uy, define its approximation bias term as

o).

This quantity measures the best target-gradient approximation achievable within the feasible set,
averaged over the randomness in the training batch that constructs U;. For the projected update u,
obtained from Eq.(3), we define the remaining variance component as

V(Ut) = MSE(ut) — B(Ut),

BU) =E | inf [~ g.]

so that
MSE(u) = B(Uy) + V(uy). @

The first term captures the “bias” of restricting updates to U, while the second term captures the
“variance” of choosing an update from U; using finite-sample target information.

Remark 3.2 (Comparison to Classical Bias and Variance Definitions). The decomposition in Eq.(4)
is adapted to the feasible-set view and is therefore slightly different from the classical bias—variance
decomposition of an estimator. Here, B(U;) measures the approximation error induced by the
feasible set itself, including any randomness in the training-batch-induced feasible set. The variance
component V(u) measures the additional error incurred when the update is chosen from Uy using
the noisy target-batch estimate §,.

We are now ready to state our results about the bias and variance of each method. First, we characterize
the exact bias—variance decomposition of the Full-Training and Target-Only Updates. For notational
convenience, define X, := Cov(g; | 6;) and X, := Cov(g; | 0;).

Proposition 3.3 (Bias—variance tradeoffs). Fix 0, and let n, = 1/. Then:
(i) Full-Training Update. For U* = {gi.},

tr(Ser .
B = g — 912+ T vy =0



(ii) Target-Only Update. For U = R?,

tr(2y)

B =0, Viup) ="

The proof is deferred to Section B.2. Proposition 3.3 states that the bias of Full-Training Update
shrinks as n grows but has an irreducible floor ||g¢; — g, || due to the intrinsic distribution-mismatch
error between the general training distribution Py, and the target distribution P,. On the other
hand, Target-Only Update achieves zero bias as expected. In contrast, Full-Training Update has
zero variance since it does not depend on the target batch, while Target-Only Update has variance
tr(34)/m, which can be large when the target batch size m is small.

Next, we provide explicit variance bounds and bias characterization between Global Subset and
Group-Wise Subset Updates. For this, we additionally assume bounded training gradients to control
the complexity of the finite feasible sets [Shalev-Shwartz and Ben-David, 2014, Hazan, 2016], and
also a standard sub-Gaussian noise assumption [Lan, 2020, Liu et al., 2023]:

Assumption 2 (Bounded gradients). There exists C' > 0 such that ||g;|| < C forall i € [n].

Assumption 3 (Sub-Gaussian noise). Noise of target gradient £ == ¢, — g, is sub-Gaussian with
parameter o //m for some o > 0.

Theorem 3.4 (Bias—variance tradeoffs). Assume Assumptions 2 and 3 and fix 0, and let n; = 1/p.
Then for any k € [n]:

(i) Global Subset Update. For US°"(k),

V(s (k) < Li/cng 2log (2(3)).

(ii) Group-Wise Subset Update. For UF™ (k; G) where G = {G),}]_, contains P groups,

V(™ (5G) < 4%" 2108 (2(}) ).

Moreover, Global Subset Update has a higher bias compared to Group-Wise Subset Update:
BUF™ (k:G)) < BUF (k).

Figure 3 illustrates the decomposition of Theorem 3.4. The proof
is again deferred to Section B.2, where we show in the proof that 4 B
the variance is controlled by E[sup,,cysr (1,gy|(€, u)| | 0¢], which k
is in turn upper-bounded by a complexity term that depends on the
logarithmic size of the feasible set.

In terms of bias, we note that B(UE™ (k;G)) < B(US"(k)) is
simply due to US°P(k) C UE™(k;G). More generally, for two
groups G, G’ where G’ is a finer partition of G, we have UZ'P (k; G) C
Ug™(k;G"), and hence B(UF'" (k;G')) < B(UE™P(k; G)). On the
other hand, for any two k # £/, it is almost always the case that

no inclusion relation exists between U£'°"(k) and US°" (k') (or
Ug™ (k; G) and U™ (K'; G)), and hence it is generally difficult to
compare the bias for different k. However, the same intuition still
holds: the larger the feasible is, the lower the bias might be. For

instance, when k = n, we have U = US°P(n) = UFP(n; G),
degenerating to the singleton set; when k = n/2, the feasible set U'°" (k) has (n’/L?) candidates for
approximating g, boosting the chance of approximating g, better and hence achieving a lower bias.

Figure 3: Bias—variance de-
composition for a chosen Uy

Summary. Among all the methods, Full-Training Update imposes the strongest data regularization:
it is stable, but may incur substantial bias when the training and target distributions are misaligned.
Target-Only Update imposes no data regularization: it is unbiased for the target gradient, but can be
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unstable when m is small. Global Subset Update interpolates these two, offering a new bias—variance
tradeoff, and group-wise decomposition further reduces approximation bias by relaxing the global
subset constraint, offering a spectrum over bias—variance tradeoffs with different choices of group
partition.

Takeaway: Larger feasible sets reduce bias but increase variance, since the update has more
freedom to align both with g, and also with noise &. Full-Training is stable but biased; Target-Only
is unbiased but unstable when m is small; Global and Group-Wise Subset Updates interpolate
between them, with the partition G and subset size k providing additional design knobs.

3.5 Generalization Beyond Two-Distribution Setting

Although we developed the framework in the two-distribution setting above, the underlying principle
is more general. At its core, the data regularization principle rests on the following structure:

(i) Training signal that can be optimized reliably but might introduce bias, and

(ii) Target signal that is too noisy or costly to optimize directly.

In the two-distribution setting, the target batch provides the noisy signal for optimizing the target
objective, while the training batch induces the feasible set that stabilizes the update.

Other common post-training paradigms also admit this structure: for instance, in reinforcement
learning, the target signal of interest is the expected reward, but directly optimizing it via policy
gradient is high-variance. Training signals such as PPO’s clipped loss [Schulman et al., 2017] or
GRPO’s group-relative estimator [Shao et al., 2024], on the other hand, stabilize training at the cost
of optimization bias. We demonstrate and apply these principles in the experiments (Sections 5.2
and 5.3).

4 Efficient Realization of Dr. Post-Training Under Memory Constraints

Modern LLM training infrastructures are heavily constrained by memory bottlenecks. Efficiently
realizing the proposed method under such tight memory limits, therefore, requires nontrivial system-
level optimizations. In this section, we discuss the optimizations that make Dr. Post-Training practical
and compatible with modern infrastructures.

Specifically, we will start by revisiting the memory footprint of standard training (Section 4.1) that
grounds the later discussions in three aspects. First, in Section 4.2, we address the computational
overhead of data-regularized updates with a carefully designed tensor lifetime schedule that can
efficiently reuse the intermediate variables in standard forward and backward passes with negligible
additional memory cost. Second, in Section 4.3, we investigate the computational costs of the key
per-sample scoring step incurred by the data-regularized updates, develop several implementations
with different compute—memory trade-offs, and identify the most efficient choice for different
regimes. Third, in Section 4.4, we show that the resulting design remains compatible with modern
memory-saving training techniques such as LoRA, MeSO, activation checkpointing, and gradient
accumulation.

Overall, this section shows that Dr. Post-Training is not only algorithmically appealing, but can also
be implemented efficiently under the memory constraints that dominate modern post-training.

4.1 Preliminary: Memory Footprint in Standard Training

Here, we provide a quick overview of the memory footprint in a standard training step that consists of
a forward and a backward pass, where we simplify the transformer model into a stack of L MLP linear

layers for discussion convenience.” Let the model with d total parameters 6, = (Ht(l), . Ht(L)) € RY,
with each layer G,El) having d/ L parameters and activations of dimension +/d/ L for simplicity. We use

2Throughout this section, “layer” refers to an individual linear module (e.g., nn . Linear in PyTorch), not a full transformer
block. A single transformer block contains multiple linear modules (query, key, value, output projections, and MLP layers).
Data regularization targets these linear modules, which account for the vast majority of transformer parameters; the treatment
of embedding layers and other non-linear modules is discussed in Section C.6.
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both the vector form Qt(l) € R~ and the matrix form Wt(l) € RV4/Lxvd/L interchangeably, related
by Gt(l) = Vec(Wt(l)); the same applies to weight gradients in matrix form G() € RV #/LxVd/L wjith
g = vec(GW).

4.1.1 Forward and Backward Pass

Given a training batch B; = {z;}7_; of sequences of length T’, a standard training step first performs
a forward pass to evaluate the batch loss £ = Z?:l £; with ¢; == £(6;; z;), caching intermediate

activations, then a backward pass to compute the batch gradient g, = (gt(r1 ), ceey gér )). Figure 4

illustrates both passes at a single layer [ along with the resulting memory footprint. For simplicity,
we omit the dimension of sequence length in the illustration.

\ Forward [ \ \ Backward [ \ Gradient / v Backward [—1
\ T y 1
- - 10 - - ; y
X l l 9l /50 (1) 9L /94D () \ 0L [ge(—1)
% a() 6() /86 /8(1 % gtr % /ae
1 a® :
—_— 5(1)
=05¢/5.(1)
0 oe/0aD

Figure 4: Top. Forward pass and backward pass (activation and weight gradient) computation graph:
both — and --» denote computational dependency; --+ indicates that the dependency runs across
the boundary between forward and backward. Bottom. Memory footprint: a tensor can be released
once no remaining operation depends on it.

Forward pass. Each layer | computes the output (pre-activation) of the layer e( ) = W(l) Eli

from the input activation a( ) € RVYL for each sample i € [n] and token 7 € [T, then applies

an activation function o: a( +1) a(ez( )) In practice, all nT vectors are batched as columns of

an activation matrlx so each layer reduces to a single matrix multiplication. All activations and
pre-activations {aZ € r}z - are cached for later use.

Backward pass. The activation gradient propagates backward layer by layer. At layer [, the
pre-activation gradient ¢/ 86 ~ arrives for each sample ¢ and token 7. The activation gradient propa-

gates to layer [ — 1 via 5‘6/86“ R '(e; (l 1)) ©) aﬁ/ﬁa( ) where 86/8(1(” W(Z)Tﬁﬁ/a ®
and ® denotes the element-wise product The batch welght gradient is then computed as
gy = 230, ZT 1(86/86(”) ® a(l) € RYE where ® denotes the Kronecker product. For

later reference, we write the per-sample weight gradient as gfl) = E (o) 86 ) ® aE l, so that

gt(p = % Z?Zl ggl). In practice, however, standard backpropagation does not exphcltly form each

gi(l). Instead, it stacks all token-level activations and pre-activation gradients across the batch and

evaluates the above double sum with a single batched matrix multiplication, which directly returns

the aggregated batch gradient g( ) Thus, standard training computes the batch gradient without
materializing separate per-sample weight gradients in memory.

4.1.2 Memory Footprint of Key Tensors during Training

During each step of the standard training update, a tensor can be released as soon as no remaining

computation depends on it. As the goal is to compute gy, a key observation is that during backward

pass at layer [ — 1, both o) and 9¢/ de) become free once the batch gradient gt(r) is assembled

(Figure 4). Moreover, 9¢/ 9e(l*+1) is released before H¢ / e is allocated, so its buffer is reused and
the memory footprint of pre-activation gradients remains constant across layers.
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Algorithm 4.1 presents the pseudocode of one standard training step with memory management,
which recovers the Full-Training Update. For simplicity, we hide the computation of al", eV their

A R ]
gradient, and also their dependency on each other in the backward function call. The creation and
release of key tensors of interest are annotated with memory cost (4 allocation, — release) to be
compared with later algorithms. We note that when the training data is B} instead of B;, we recover

Target-Only Update.

Algorithm 4.1: Standard Training Update

Data: Model 6,, training data {z;}? ,, learning rate 7,
Result: Updated model parameters 61

, {agl), el(.l)}l7i)<—Forward(0t, {z:}) // +0(2nT+/dL)
u 0 € R /1 +0(d)
fori=1L1,...,1do
/* Allocate {8[/865” ? ., release {egl)}?:l; memory remains constant  */
{00/0e"\n_| +Backward (¢, 6") // +O0(nT+\/d/L) — O(nT+/d/L)
w5 X X (00/0e)) @ iy
Release(agl), 88/861@) foralli € [n] // —O2nT\/d/L)
Or1 < O — mrue
Release (u:) // —0(d)

return 6,

4.2 Customized Tensor Lifetime Scheduling for Efficient Data-Regularized Update

We now turn to a main system challenge introduced by the additional computational dependencies in
data-regularized updates. Recall that, unlike standard training, our method must first determine the
final update direction by solving a subset-selection problem based on per-sample scores, and only
then assemble the corresponding gradient update. This creates additional computational dependencies
on intermediate per-sample quantities that are not preserved in standard backpropagation.

Naive implementations. A naive implementation is a two-pass approach: use one forward-
backward pass to compute the per-sample scores and determine the selected subset, and then run
a second forward-backward pass to compute the final gradient update using only the selected sub-
set’. This approach is simple and memory-efficient because each pass follows the standard training
schedule, but it substantially increases runtime by effectively duplicating the backward computation.

Another naive implementation is a retain-graph approach: retain the computation graph (e.g., by
calling retain_graph=True in PyTorch) during backpropagation and keep all intermediate tensors
alive so that the same computation graph can be reused for both scoring and gradient assembly. While
this avoids the second pass, it is impractical at LLM scale, since retaining the full graph together with
the per-sample quantities needed by our method leads to prohibitive memory overhead.

4.2.1 Customized Tensor Lifetime Scheduling

We develop a customized tensor lifetime scheduling to obtain the data-regularized gradient update
within one pass while avoiding significant memory overhead.

For convenience, we consider layer-aligned partition in the rest of the discussion, where each group
contains one or more layers. We direct interested readers to Section C.1 for a discussion on general
partitions, where each group might contain partial parameters of a layer.

A starting trick: merging training and target batch. We start by addressing a problem that the
training gradients and target gradients are typically calculated in separate passes, which prevents
effective tensor lifetime scheduling in one pass. We address this problem by realizing that these

3For example, an existing online data selection method [Wang et al., 2024b] adopts a two-pass implementation. See their
implementation in https://github. com/Jiachen-T-Wang/GREATS/ and an in-depth discussion in Section C.2.
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gradients can be obtained from a merged batch with both training and target samples. Specifically,
suppose a training step uses a training batch B; = {2;};"_; and a target batch Bf = {z7}7" . Rather
than processing them in separate passes, we concatenate them into one batch of size N = n + m and
define the merged loss

0= U0 z) + > L0 2)).
i=1 j=1

Because different samples do not share activations, a single forward-backward pass on this merged
loss produces all per-sample backward signals for both the training samples and the target samples.

From these, we can extract the quantities needed for constructing the data-regularized update direction.
Remark 4.1. Doing forward and backward pass on the merged-batch loss € =Y | {; + E;nzl 4
is an existing trick in the literature [Pandya et al., 2025, Wang et al., 2024b]. We note that this extends
to non-loss-gradient target signals for an arbitrary 0;-differentiable f({z;}7";0;) (Section 3.2):
backward pass on the merged batch with £ == 31"\ £; + f({2}}]2,; 0;) yields both the per-sample
training gradients and the target gradient Vg f in a single pass; however, when f depends on the
training samples z;, the gradient information is mixed and separate passes are required.

The computational dependencies in data-regularized update. Next, given the merged batch
where we can obtain the per-sample quantities from one pass, we carefully examine the computational
dependencies for obtaining the data-regularized updates. For both Global Subset Update and Group-
Wise Subset Update, the algorithm can be decomposed into three parts:

1. Scoring: compute the score of each training sample against the target signal (at group level);
2. Subset selection: determine the selected subset Sy (or S; ,, for each group G);

3. Update assembly: assemble the final update direction by averaging the gradients over the selected
subset.

The key issue is that both scoring and update assembly depend on per-sample quantities, while

standard training only materializes the aggregated batch gradient g;,. In particular, the per-sample
gradient ggl) = Zle (0¢/ 8652_) X agfl is never explicitly stored in standard backpropagation. Yet

for our method, it enters twice: first in the score computation, and later in the assembly of the selected
subset. This is exactly the source of the extra dependencies that need to be handled.

A crucial observation is that both scoring and update assembly ultimately depend on the same local
information at each layer, namely the pair (a"), 9¢/9e())). Once this pair is available, one can either
materialize the corresponding per-sample gradients ggl) explicitly, or compute the required scores
and selected averages directly from it. This suggests that the fundamental scheduling question is
not whether to preserve the entire computation graph, but rather how to retain this minimal local

information long enough for all downstream computations to be completed.

Tensor lifetime scheduling. Given the computational dependencies, we now introduce the proposed
tensor lifetime scheduling.

The key idea is to swap the forward-cached tensor e(*) with the backward-generated tensor 9/ /de(!)
at each layer. Recall from Section 4.1 that in standard training the forward pass caches (a(!), e()),
and during backward, e(¥) is consumed to produce 9/ / deW) . After this point, e(*) is no longer needed.
Therefore, instead of releasing everything immediately after the layer gradient is computed, we
retain the pair (a(l), ot/ de) for later scoring and update assembly, while discarding e(*). Since
0¢ /e has the same shape as e(!), this replacement preserves the per-layer memory footprint up to
lower-order bookkeeping costs.

Applying this swap iteratively across layers yields a one-pass schedule with the following structure:

1. run one forward pass on the merged batch and cache (a("), (V) as in standard training;

2. during backward, replace each cached e® with o¢ / e so that after the backward pass the
retained tensors are (a("), 9¢/9e®) for all layers;

3. use these retained pairs to compute scores, determine the selected subset(s), and assemble the
final update direction;
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4. release the retained tensors once all groups depending on them have been resolved.

This schedule differs fundamentally from retain_graph=True: we do not keep the full autograd
graph alive, but only the minimal local tensors needed for later computation. At the same time,
unlike the two-pass implementation, we do not rerun the backward pass. The result is a one-pass
implementation that stays close to the peak memory cost of standard training while avoiding a
near-doubling of runtime.

When can a group be resolved? The remaining question is when a group can be finalized and its
tensors released. This depends on the partition granularity. For a general partition G = {G,, }11,3:1,
the subset .S; , for group G, cannot be determined until all score contributions from the layers
intersecting G, have been accumulated. Only after that can the corresponding update uﬁp ) be
assembled. Therefore, a group can be released only after all of its constituent layers have finished

both scoring and update assembly.

This reveals a direct connection between the statistical design and the systems design: finer partitions
not only give more flexible update rules, but also allow earlier release of tensors and hence a memory
footprint closer to standard training®.

4.2.2 Case Study: Group Granularity

We illustrate the above scheduling with two extreme cases.

Global Subset Update. For Global Subset Update, all parameters share a single global subset .S;.
Consequently, the score of each training sample must aggregate contributions from all layers before
S; can be determined. This means the retained pairs (a), 9¢/9e(!)) must remain alive across the
entire model until scoring is complete. After the global subset S; is determined, the final update is
assembled by revisiting each retained layer and averaging the per-sample gradients of the selected
samples (See Algorithm 4.2). Compared with standard training, the peak memory remains close, but
the high-memory period now spans almost the entire backward-and-selection phase (Middle row in
Figure 5).

Layer-Wise Subset Update. At the other extreme, for Layer-Wise Subset Update, each layer forms
its own group. In this case, the score computation, subset selection, and update assembly for layer
[ depend only on the local tensors of that same layer. Therefore, once the backward pass reaches
layer [, we can immediately compute the layer-wise scores, determine Sy ;, assemble the update ugl),
and release all retained tensors for that layer before moving to layer [ — 1 (See Algorithm 4.3). As a
result, the tensor lifetime schedule almost exactly matches that of standard training, and the memory
footprint is closest to the standard baseline (Bottom row in Figure 5).

Intermediate granularities. More generally, if each group contains a small number of consecutive
layers, then a group’s tensors only need to be retained until the backward pass finishes those layers.
This gives a smooth interpolation between the two extremes above. In particular, smaller groups
allow earlier release and lower sustained memory usage, whereas larger groups delay release and
make the schedule resemble Global Subset Update.

Remark 4.2. One benefit of more aggressive memory release (as in Layer-Wise Subset Update) is
that, in practice, when layer sizes are not uniform, later in the backward pass, encountering a larger
layer provides enough free memory to process it.

In summary, the proposed customized tensor lifetime schedule resolves a core system challenge
of data-regularized updates: it avoids the runtime overhead of a two-pass implementation and the
prohibitive memory cost of retaining the full graph, while enabling a practical one-pass realization
under the memory constraints of modern LLM training.

41t is worth noting that the peak memory cost remains similar regardless of the partition granularity, since the peak memory
is achieved right after the forward pass. However, finer granularity becomes helpful when considering other memory-saving
techniques, such as the activation checkpointing discussed in Section 4.4.
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Algorithm 4.2: Global Subset Update

Data: Model 0;, training data {z; }7"_,, target data {2}
Result: Updated model parameters 6,1

@ {al, e u{aV, e DY )eForward (@, =17, U{z3})  // +O(NTVdL)

Z’L

j 1, learning rate 7

for | = ,1do // Retain all pairs via swapping
| {ae/aeg”};;l U {0¢/0e;V )1, «Backward(t, 6;)
/* Post-hoc: scoring from retained activations */
forl=1L,...,1do // Peak: 2NTVdL
g ST (90/9ef")) @ al!) for each i € [n] // +0(n\/d/L)
R DD Dl 1(86/06*”)) a;V /! +O(/d]T)
Release(a;(l 86/86- )forallj e[ ] // —0@2mT\/d/L)
sl(»l) (", (l)> for each i € [n]
| Release (gzl), gj)) forall i € [n) // —O((n+1)\/d/L)
S; Zle sgl) forall i € [n] // Global scores
Sy «+—Select-S({s;}1 4, k)
/* Post-hoc: assemble gradients from retained activations */
for [ = ,1do
1 ! ¢
e . Zzest 37, (00/0¢)) @ af)
Release(ai , 88/865”) foralli € [n } // —0@2nT+\/d/L)
91& < 9t — ntut
Release (us) // —0(d)

return 6y 1

Algorithm 4.3: Layer-Wise Subset Update

Data: Model 0,, training data {z;}}_,, target data {27}, learning rate 7,
Result: Updated model parameters 0.1

@ {al, e u{aV, e VY peForward (G, {27, U{z3}m)  // +O(NTVAL)

(2 Z

ug < 0 e RY // +0(d)
for ! = ,1do
{86/86(”} ', U {85/86*0 * | <Backward (¥, G(Z )
(l) — ZT 1(8[/86(“) ®a(l) for each ¢ € [n] // +0(n\/d/L)
i e 1y ST (0606 0) @ 0} /] +O(/d]T)

(l) +— (g (l) ()> for each i € [n]
S’tl <—Se1ect S({S(l k)
uy ® ZzGSH
Release (g , gg)) forall i € [n] // —O((n+1)\/d/L)
OB *(1) ; : N
B Release(a , 0C/0e;”, ai, 0L)0e;™) foralli € [n], j € [m] // —O(2NT.\/d/L)

91& — 9t — 'I]t’U,t
Release (u:) // —0(d)
return 6,
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R A e A D R Y Y

[ [ [ L. L i | i

0

—

—

0

Global Subset Update (Algorithm 4.2)
| | i (— L

L.l L.l L.l L.l L. [

0

—

—

0

Layer-Wise Subset Update (Algorithm 4.3)
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Figure 5: Memory footprint comparison. Top: Standard Training Update (Algorithm 4.1). Middle:
Global Subset Update (Algorithm 4.2). Bottom: Layer-Wise Subset Update (Algorithm 4.3). All
three methods achieve comparable peak memory per layer, but Global Subset Update must retain
both a® and 9¢/9eV) for all I throughout the backward pass until the global subset is determined,
while standard training and Layer-Wise Subset Update release them on-the-fly.

4.3 Efficient Implementations of Per-Sample Scoring

We next study efficient implementations of per-sample scoring, which constitutes a major compu-
tational overhead introduced by data-regularized updates. While the tensor lifetime schedule in
Section 4.2 resolves the memory-management challenge of preserving the necessary intermediate
quantities within one pass, the overall efficiency of the method still depends critically on how the
per-sample scores are computed.

In this subsection, we revisit two existing methods for score computation and introduce two new vari-
ants. We then provide a systematic complexity analysis in terms of the key training hyperparameters.
This analysis reveals that the relative advantages of different implementations depend strongly on the
hyperparameter regime, and that this regime-dependent comparison has not been fully characterized
in the existing literature. Among these methods, one of our proposed variants—an approximate
scoring method—achieves the best computational efficiency across all regimes.

Throughout this section, we focus on the score restricted to one particular layer, sgl), since when a
parameter group spans multiple layers, the total score is simply the sum of the scores from those
layers.

Table 1: Computational overhead of scoring per layer for n training samples and m target samples,
where N = n 4+ m, T denotes the sequence length, and & is the compressed gradient dimension
(k < d/L). All costs listed below represent additional overhead beyond standard backpropagation.
We assume fully batched execution in calculating the complexity; micro-batching over samples or
tokens can trade parallelism for lower memory, which further favors the proposed PIP method.

Scoring method FLOPs per layer Memory per layer (entries)

Direct 2NT(d/L) 4+ n(d/L) (n+1)(d/L)
GIP dnmT?\/d/L 2nmT?

PIP ONT(d/L) +nT\/d/L d/L +nT\/dJL
Compressed O(NTk) + (2n+m)k (n+ 1)k
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4.3.1 Existing Methods: Direct and Ghost Inner Product (GIP)

We first revisit two existing methods, Direct and Ghost Inner Product (GIP).

Direct. Direct is a naive approach for the score computation. It directly materializes each per-
sample gradient g(l) =3 (0¢/ 862(-’17)_) ® a'”) and the target gradient gi” first, then computes the

[ i,T
score as sgl) = @9 , ggl)>. Existing literature criticizes this naive approach for materializing O(n)

per-sample gradient vectors and incurring high computational costs, which led to the GIP introduced
below [Wang et al., 2024b]. However, we demonstrate that the comparison between Direct and GIP is
more nuanced than the literature suggested when considering the sequence length 7" and the number
of target samples m.

Ghost Inner Product (GIP) [Wang et al., 2024b]. GIP avoids the full gradient materialization
(thus the name “Ghost”) by evaluating the same inner product in an alternative contraction order
from (") and 9¢/0e): contracting over the model dimension instead of the token dimension yields
T x T cross-correlations. Treating 9¢/e®), a) € RV ¥/L*T a5 matrices whose columns are the
per-token vectors, the score is

.
1 & N

P =23 % a—fm,(aE”)Taj(” 7
m Oe; oe’;

Jj=1 J

where each factor is a T x T' matrix product computed over all nm training-target pairs. While this
avoids gradient materialization, it introduces quadratic dependence on 7" and linear dependence on
m.

Comparison between Direct and GIP. As shown in Table 1, GIP is competitive only when m
and T are relatively small. By comparing the leading terms in the computational complexity, GIP

is preferable to Direct only when mT < /d/L/2. A similar trend holds for the memory cost
comparison as well.

4.3.2 Per-Token Inner Product (PIP)

The comparison shows that GIP suffers from long context (large T") while Direct suffers from large
parameter size per layer (large d/L). We now introduce a third method, Per-Token Inner Product
(PIP), that interpolates between these two methods and provides a more favorable computation cost
trade-off in an important regime.

Observing that the GIP differs from Direct by swapping the order of some linear operators (sum
and inner product) in calculating the score sil , our proposed PIP applies a different order. Let

G&l) e RV EXVA/L denote the matrix form of the aggregated target gradient gﬁ”. Then the score

can be written as
T\ o
1 Z SO
SE ) = ((3(0) G,(\,)aiﬂ..
T=1 e

iT
This expression factors the computation into a matrix-vector product G(*l)agl € RVYE, followed

by a dot product with 9¢/ 865)17)_. Importantly, this avoids materializing the full per-sample training
gradient ggl): the score is accumulated directly from token-level quantities that are already available
under the tensor lifetime schedule.

Comparison with existing methods. As shown in Table 1, the complexities of PIP remain linear in
the sequence length 7', and therefore avoid the quadratic dependence on 7' that makes GIP unattractive
for long-context training. Compared with Direct, PIP has the same dominant FLOPs term 2N7T'(d/L),
but replaces the lower-order term n(d/L) with nT'y/d/L. Therefore, when T' < /d/L, PIP is more
efficient than Direct in both FLOPs and memory. Intuitively, in this regime, it is cheaper to work
directly with token-level quantities than to first materialize n full per-sample gradients. When T'
becomes large, however, this advantage disappears: the additional nT'y/d/L term dominates, and
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Direct becomes preferable. Thus, PIP occupies an intermediate regime between GIP and Direct:
it improves substantially over GIP for long sequences, and improves over Direct when the context
length is moderate relative to the per-layer hidden dimension.

4.3.3 Compressed Scoring

All three methods above compute the score exactly, and therefore their cost necessarily depends on
the gradient dimension d/ L. We now introduce a fourth method, Compressed Scoring, which reduces
this cost by approximately computing the score in a low-dimensional compressed space.

Let II) : RY/L — R* be a compression map with £ < d/L. Instead of directly computing the full

per-sample training gradient gfl) and target gradient gi” , we first compute their compressed versions

gV =10(g) ers, g =n0() e R,
and then approximate the score by

st~ @0.87).

O]

%

The key point is that g, ’ and gi” can be computed directly from the retained token-level quantities

(), 0¢/0eM), without ever materializing the full d/L-dimensional gradients. In particular, since
gl@ =T (o) 5‘61(2) ® agli, state-of-the-art gradient compression methods in data attribution

T=1 s
literature [Hu et al., 2025a, Choe et al., 2025] can exploit this outer-product structure and apply the
projection TI¥) in a factorized manner (see Section C.3 for more details). As a result, the compressed
per-sample gradient can be obtained from the same retained local tensors used throughout Section 4.2,

but with cost scaling only in the compressed dimension «.

Comparison with exact methods. As shown in Table 1, Compressed Scoring has per-layer cost
O(NTk) + (2n + m)x and memory cost (n + 1)k, which removes the dependence on the original
gradient dimension d/L from both FLOPs and memory. Since x < d/L, this makes Compressed
Scoring strictly more efficient than all three exact methods across all regimes in terms of the leading
dimension dependence.

While the gain in efficiency of Compressed Scoring comes at the price of approximation, empirically,
we find the approximate scores remain a reliable surrogate for ranking or filtering training samples [Hu
et al., 2025a]. In our implementation, we therefore use Compressed Scoring as the default choice.

4.4 Compatibility with Memory-Saving Techniques in Modern Infrastructure

Modern LLM training pipelines employ a range of memory-saving techniques to mitigate the tight
memory constraints. Since our methods introduce additional per-sample computational dependencies
beyond standard training, a key system question is whether the proposed methods remain compatible
with these techniques, including parameter-efficient training, activation checkpointing, and gradient
accumulation.

In this subsection, we show that the proposed methods, especially Layer-Wise Subset Update, can be
largely integrated with common memory-saving strategies given our system optimizations.

4.4.1 Compatibility with Parameter-Efficient Training

We first consider two widely-used parameter-efficient training methods, LoRA [Hu et al., 2022] and
MeSO [Zhao et al., 2024]. Both reduce memory consumption by restricting or compressing the
trainable update space, and both are naturally compatible with our framework.

LoRA. Recall that LoRA reparametrizes each linear layer as Wt(l) + Bgl)A(l), where Bgl) €
RV 4/ LXT and Agl) e R VYL with rank r </ d/L, and only the adapter parameters are updated.

Since Agl) and Bt(l) are themselves linear maps, per-sample gradients retain the same outer-product

factorization as in the full-parameter case, with the adapter dimension 2r+/d/L replacing the full
dimension d/ L. All scoring and gradient computation carry over directly at proportionally lower cost
(details in Section C.5.1).
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MeSO. MeSO methods reduce memory in a different way: instead of restricting the trainable
parameters, they maintain optimizer states and updates in a compressed subspace. This is also
compatible with our framework, since data regularization only changes how the update direction is
chosen, not how the resulting gradient is applied. In particular, any scoring method from Section 4.3
can be used to determine the selected subset, after which the resulting gradient update is passed to
the MeSO optimizer in the usual compressed form.

There is also a tighter integration between MeSO and the Compressed Scoring method in Section 4.3.3.
Since both rely on low-dimensional gradient representations, the same compressed per-sample
gradients can be used both for score computation and for the optimizer update, avoiding redundant
computation. This makes MeSO especially well aligned with our framework: it reduces the memory
cost of optimization itself, while also supporting efficient approximate scoring in the same compressed
space. We detail the full space of design choices in Section C.5.2.

4.4.2 Compatibility with Memory-Saving Scheduling Techniques

We now turn to two techniques that reduce memory by changing the temporal structure of training:
activation checkpointing and gradient accumulation. Unlike LoRA and MeSO, these methods affect
when intermediate tensors are available, and therefore interact more directly with our tensor lifetime
schedule.

Activation checkpointing. Activation checkpointing reduces memory by discarding some forward
activations and recomputing them on demand during backward. Our one-pass tensor lifetime schedule
is compatible with checkpointing whenever the parameter groups align with the checkpointing
schedule, so that all computations associated with a group can be resolved within a checkpoint
segment. Layer-Wise Subset Update satisfies this condition naturally, since each layer forms its own
group and can therefore be resolved within its own backward step.

When a group spans multiple checkpoint segments, however, the one-pass schedule can no longer
preserve all required local tensors across segment boundaries without defeating the purpose of
checkpointing. In this case, one must revert to the two-pass implementation discussed in Section 4.2:
the first pass computes scores and determines the subsets, and the second pass assembles the update
(see Section C.2.2). Thus, the compatibility with checkpointing depends on whether the partition
granularity is aligned with the memory-saving schedule.

Gradient accumulation. Gradient accumulation reduces peak memory by splitting a large batch
into micro-batches that are processed sequentially, and the activations and pre-activation gradients
associated with an earlier micro-batch are typically released before the next one is processed for
saving memory. This conflicts with our one-pass implementation, which relies on retaining the
pairs (al(-l) , 0/ 8651)) for all samples in the full batch in order to compute scores and assemble the
final update. When the rule for determining .S; ;, decomposes across micro-batches, however, this
issue resolves: each micro-batch can be scored, solved, and assembled independently during its own
forward and backward pass, and the resulting updates can then be accumulated across micro-batches.
Thresholding is one such example. In contrast, rules such as top-k depend on statistics computed
over the entire batch, so the micro-batches cannot be resolved independently. In this case, we again
resort to the two-pass implementation described in Section C.2.2.

S Experiments

We evaluate our proposed methods across three post-training paradigms: supervised fine-tuning (SFT;
Section 5.1), reinforcement learning from human feedback (RLHF; Section 5.2), and reinforcement
learning with verifiable rewards (RLVR; Section 5.3). Across these settings, we compare against
state-of-the-art baselines and show consistent improvements in downstream-task performance and
convergence speed. We then benchmark the efficiency of the end-to-end training pipeline and different
scoring mechanisms in Section 5.4, demonstrating that our implementation incurs minimal overhead.
Our code can be found at https://github.com/TRAIS-Lab/Dr.Post-Training.

Unless otherwise specified, all reported results are averaged over 5 random seeds with error bars
given as standard errors of the mean, and evaluation is performed on held-out test sets disjoint from
the data used for regularization or training. Additional details are deferred to Section D.
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5.1 Supervised Fine-Tuning

We first evaluate our methods in the SFT setting, where a model is fine-tuned on an instruction-style
training dataset and evaluated on a distinct downstream benchmark. This setting tests whether
data-regularized updates can better transfer general supervision toward a target objective. Our results
show that Layer-Wise Subset Update substantially outperforms the prior state-of-the-art online data
selection baseline. We further provide a case study to analyze the factors driving this performance

gap.

5.1.1 Setup

We fine-tune LLAMA-3.2-1B [Grattafiori et al., 2024] on four training/target pairs that span different
task types and training-pool compositions. 1.) alpaca [Taori et al., 2023]/samsum [Gliwa et al.,
2019] (dialogue summarization), 2.) less-mix [Xia et al., 2024a]/tydiqa [Clark et al., 2020]
(multilingual extractive QA), 3.) triviaqa [Joshi et al., 2017]/nq_open [Kwiatkowski et al., 2019]
(closed-book factoid QA), and 4.) less-mix [Xia et al., 2024a]/squad [Rajpurkar et al., 2016]
(reading-comprehension QA without context).

Across all four settings we report results under LoRA, our default fine-tuning variant. To additionally
probe how the choice of fine-tuning method interacts with data regularization and demonstrate
flexibility of our method with different fine-tuning methods, we also report results for full-parameter
fine-tuning and MeSO on alpaca/samsum. All runs share the same fixed hyperparameters; see
Section D.2 for the full configuration.

Data regularization is done with a small held-out target set (16 samples in total), following the setting
of the prior state-of-the-art online baseline GREATS [Wang et al., 2024b]. Specifically, we consider
n = 8 and m = 1 for training, i.e., each optimization step has access to 8 samples from the general
training set and 1 sample from the held-out target set. In our framework, GREATS corresponds to
Global Subset Update, while our method uses Layer-Wise Subset Update, where we approximately
solve Eq.(3) by the top-k among the scores with k = n/2.

5.1.2 Results

Figure 6 shows the training dynamics of alpaca/samsum with three fine-tuning methods, and Table 2
reports downstream F1 on the other three QA settings, with Figure 7 showing their corresponding
training dynamics. Layer-Wise Subset Update consistently and substantially outperforms both
Full-Training Update and Global Subset Update on every QA setting (and Global Subset, in turn,
improves on Full-Training). The gap is most pronounced when the training pool is broad, i.e.,
less-mix/tydiqa jumps from 10.1% to 27.4% F1 between Full-Training and Layer-Wise Subset,
confirming that data regularization matters most when the general distribution is misaligned with the
target. We defer a detailed efficiency analysis to Section 5.4.
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Figure 6: SFT training dynamics on alpaca/samsum across the three fine-tuning methods: evaluation
perplexity throughout training.

SWe omit the Target-Only Update in our experiments (i.e., training on only 16 samples) due to training instability.
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Table 2: SFT downstream F1 (%) on the three QA settings.

Method less-mix/tydiga triviaqa/nq_open less-mix/squad
Full-Training 10.1 +£0.2 12.6 £0.1 7.6+0.1
Global Subset 13.4+£1.0 13.7£0.2 8.3+0.1
Layer-Wise Subset 27.4+1.3 146 +04 91+0.3
(a) less-mix/tydiqa (b) triviaga/ng_open (c) less-mix/squad
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Figure 7: SFT training dynamics on the three QA settings: evaluation perplexity throughout training.

5.1.3 Case Study

To understand why Layer-Wise Subset Update outperforms Global Subset Update, we conduct a
case study in which we record per-layer scores during Full-Training Update on alpaca/samsum
with full-parameter fine-tuning. At each training step, we separately score the same batch of n = 8
samples as in Layer-Wise Subset Update and Global Subset Update, and compute (i) the mean
absolute score per layer (magnitude), and (ii) the Spearman rank correlation between each layer’s
per-sample scores and the subset’s global ranking. Figure 8 plots these quantities across all 16 blocks,
with lines showing the mean across training steps and shaded bands the interquartile range. We
aggregate the results by transformer blocks and layer types: each transformer block contains seven
linear layers, namely four attention projections (query (Q), key (K), value (V), and output (O)) and
three MLP projections (gate, up, and down).

(a) Mean absolute score magnitude (log scale) (b) Spearman p with subset’s global ranking
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‘—0— Q [Attn] K [Attn] V [Attn] —— O [Attn] -+-- Gate [MLP] -=+-- Up [MLP] -=-- Down [MLP] ‘

Figure 8: Per-layer scores on alpaca/samsum, averaged across training steps (lines) with 2575
interquartile bands. Score magnitudes vary by orders of magnitude across layer types, so Global
Subset Update’s global ranking is dominated by down_proj while layers like Q and K (p < 0.2)
receive effectively uncurated data.

The magnitudes (Figure 8(a)) are heavily skewed: down_proj at block 1 produces scores 32 larger
than the second-largest layer type at the same block, even though K and V projections share an
identical input—output shape (512 x 2048). Since Global Subset Update aggregates scores across all

22



layers into a single per-sample ranking, the resulting subset is dominated by whichever layer type
has the largest magnitude. Figure 8(b) confirms this: down_proj achieves near-perfect agreement
with the global ranking (p =~ 0.88), while Q and K projections remain near zero (p < 0.2). These
32 layers (out of 112 block-level linear layers) have essentially no influence on which samples they
receive under Global Subset Update. Layer-Wise Subset Update resolves this by letting each layer
independently determine its own training subset. The same pattern holds across the other three QA
settings (Section D.2.4); the magnitude ratio between down_proj and the second-largest layer type
ranges from 22x to 38X, and the global-ranking correlation for the dominant down_proj layer
ranges from p ~ 0.90 to p ~ 0.94.

5.2 Reinforcement Learning from Human Feedback

We next evaluate in the RLHF setting, where we apply Dr. Post-Training framework beyond the
training-target distribution setting.

5.2.1 Setup

We follow a standard RLHF pipeline using .

TRL [von Werra et al., 2020] with PPO [Schul- () Ave. reward target  (b) Pre-clip PPO target
man et al., 2017] for detoxification [Hugging as
Face, 2023], using GPT-NEO-2.7B [Black
et al., 2021] with LoRA. The policy generates
continuations scored by a toxicity-based reward
model (LFTW R4 Target [Vidgenetal., 2021]),
and is evaluated using a separate toxicity detec-
tor (da-electra-hatespeech-detection). &
We compare four methods: (i) standard PPO  §
without data curation, (ii) /IF [Hu et al., 2025b], S
which pre-filters the entire rollout batch once be- Round
fore PPO optimization begins (offline Global [— Fufraining — IF _—— LayerWise Subset —— Global Subset]
Subset Update), (iii) Global Subset Update, )
which curates each mini-batch during PPO with Figure 9: RLHF (self-reference target). Top. Train-
a single global selection across all layers, and 1ng reward. Bottom. Evaluation toxicity.

(iv) Layer-Wise Subset Update, which indepen-

dently selects samples per layer within each mini-batch.
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All curation methods use negative score filtering,
retaining only samples with non-negative gra-
dient alignment. We further ablate two design 4
choices: (i) target signal source: self-referenc-
ing (the same rollout batch) versus a new roll-
out on a held-out target set, and (ii) target loss:
reward-weighted log-probability versus the pre—
clip PPO surrogate. As described in Section 3.5,
the PPO surrogate here acts as a stabilizing con- 2
straint on the (high-variance) policy gradient sig-
nal, generalizing the training-target distribution S—
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5.2.2 Results Figure 10: RLHF (held-out target). Top. Training

] reward. Bottom. Evaluation toxicity.
Figures 9 and 10 show results across all four

configurations. Layer-Wise Subset Update con-

sistently achieves the highest training rewards and the lowest evaluation toxicity, followed by Global
Subset Update, across both target signal sources and both target loss functions. Comparing the two
target sources, the held-out target leads to higher final rewards, while the self-referencing target
primarily accelerates early convergence. Among the target losses, the reward-weighted objective
outperforms the pre-clip PPO surrogate in both settings.
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5.3 Reinforcement Learning with Verifiable Rewards

Finally, we evaluate in the RLVR setting, where rewards are computed by an automatic verifier.

5.3.1 Setup

We use the Verl framework [Sheng et al., 2024] with GRPO [Shao et al., 2024] on the MATH
dataset [Hendrycks et al., 2021] with QWEN3-1.7B [Qwen Team, 2025]. We compare Layer-Wise
Subset Update against standard GRPO training (no data curation) and Global Subset Update. We
instantiate the data regularization framework as in-run cross-validation: one mini-batch serves as the
training batch, another as the target batch, and gradient alignment scores drive the negative score
filtering of the training batch.

5.3.2 Results

Figure 11 shows our proposed Layer-Wise Subset Up-
date method again achieves the best downstream per- 0.62
formance in the RLVR setting. In particular, Global 50 col
Subset Update accelerates early training but converges ©
to roughly the same accuracy as standard GRPO. Layer- 3 o0.57
Wise Subset Update, by contrast, sustains its advantage £
: : : 0.55
throughout and achieves a consistently higher final ac-
curacy. 0.53L ‘ ‘ ‘ ‘ ‘
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Round
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We benchmark the system efficiency of different meth- Figure 11: RLVR on MATH with QWEN3-
ods in Section 3 and scoring mechanisms from Sec- 1.7B. Evaluation accuracy over training.
tion 4: (i) Breakdown: end-to-end training overhead at

n = 8,T = 512, m = 1 with compressed scoring; and (ii) Scoring: standalone timing on synthetic
tensors at fixed n = 8, sweeping 7" at m = 1 and m at T' = 512 to validate the crossover predictions
from Section 4.3. All benchmarks are conducted on three models from three different architecture
families—SMOLLM2-360M [Allal et al., 2025], TINYLLAMA-1.1B [Zhang et al., 2024], and
LLAMA-3.2-3B [Grattafiori et al., 2024]—using bfloat16 on a single A40 GPU. The three families
are chosen to factor out family-specific kernel quirks.

5.4.1 Per-Step Breakdown

Table 3 reports the wall-clock overhead of each method relative to Full-Training Update, where each
column is averaged over 20 timed iterations after 10 warmup iterations.

The backward pass is broken into four components: a.grad computes the input activation gradient
0¢/0a® via a single matmul with the weight matrix (the output gradient 9¢/0e") is propagated
from the layer above by autograd and requires no computation at this layer); scoring computes
per-sample alignment scores; w.grad assembles the weight gradient from the selected samples; and
autograd captures the remaining overhead: autograd graph traversal, memory allocation, hook
dispatch, and backward passes of non-linear modules (LayerNorm, activation functions, etc.).

Table 3: Per-step component breakdown (ms) with standard training (Algorithm 4.1), using com-
pressed scoring (n =8, T =512, m =1,k = 4).

SMOLLM2-360M TINYLLAMA-1.1B LLAMA-3.2-3B
Component  Full-Training Layer-Wise Subset ~ Global Subset ~ Full-Training Layer-Wise Subset ~Global Subset ~ Full-Training Layer-Wise Subset ~ Global Subset
Forward 78.4 88.6 88.9 155.5 168.4 167.9 3433 387.5 390.0
Backward 155.7 234.0 193.0 312.5 352.8 344.2 828.2 825.6 820.2
a.grad 325 34.2 333 93.3 96.6 96.6 228.9 255.8 256.8
scoring — 438 225 — 35.6 31.3 — 49.7 454
w.grad 27.5 435 30.7 91.7 712 734 3422 233.1 235.4
autograd 95.6 112.7 106.5 127.6 143.4 142.9 257.1 287.1 282.6
Optimizer 26.6 26.6 26.6 81.2 81.3 81.2 2354 2354 235.5
Total 261 349 (+34%) 309 (+18%) 549 602 (+10%) 593 (+8%) 1407 1449 (+3%) 1446 +3%)
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Results. We see that both Layer-Wise and Global Subset Update add only 3-34% wall-clock
overhead compared to Full-Training Update, with overhead shrinking sharply as the model grows:
from 34% (Layer-Wise) and 18% (Global Subset) on SMOLLM2-360M down to 3% for both
methods on LLAMA-3.2-3B. Focusing on w. grad, we see that when the model is small (SMOLLM2-
360M), the time required for both Layer-Wise and Global Subset is similar to or even larger than
Full-Training Update, despite the fact that we only materialize the batch gradient from & = 4 samples.
This is mainly due to the artifact of the model being too small: as the model grows, the differences
start to show, eventually approaching n/k = 2 times more efficient when the bottlenecks become
compute-bound rather than IO/kernel launching-bound (e.g., on LLAMA-3.2-3B w. grad drops from
342 ms to ~ 234 ms, a ~1.46 x reduction). This further explains why the overheads become smaller
as the model size grows.

Activation checkpointing. As we discussed in Section 4.4, the key efficiency difference between
different partition granularities under Group-Wise Subset Update, such as Global Subset Update and
Layer-Wise Subset Update, is their memory footprint and compatibility with modern memory-saving
techniques like activation checkpointing.

Table 4: Per-step component breakdown (ms) with activation checkpointing, using compressed
scoring(n =8, T =512, m=1,k =4).

SMOLLM2-360M TINYLLAMA-1.1B LLAMA-3.2-3B
Component  Full-Training Layer-Wise Subset ~ Global Subset  Full-Training Layer-Wise Subset ~ Global Subset ~ Full-Training Layer-Wise Subset ~ Global Subset
Forward 88.2 109.7 107.7 154.9 167.4 167.1 389.2 4374 438.4
Backward 249.0 311.4 297.1 453.6 504.3 495.9 1233.5 1279.1 1267.8
a.grad 40.7 41.0 40.8 93.3 96.8 96.7 269.4 299.4 299.3
scoring — 334 26.6 — 355 31.3 — 60.2 54.7
w.grad 36.2 433 375 91.8 77.1 734 371.6 254.9 254.0
autograd 172.0 193.8 192.1 268.5 294.9 294.5 592.5 664.6 659.7
Optimizer 26.8 26.8 26.8 81.2 81.3 81.3 236.8 236.8 236.8
Total 364 448 (+23%) 432 (+19%) 690 753 +9%) 744 (+8%) 1860 1953 (+5%) 1943 (+4%)

Tables 3 and 4 illustrate this clearly. From Table 4, we see that the relative computational overheads
remain in the same range (4-19% for Global Subset Update, 5—-23% for Layer-Wise Subset Update)
as those without checkpointing (Table 3), since checkpointing inflates both the baseline and the
scoring-augmented backward pass roughly in proportion as we expected.

On the other hand, Table 5 reports peak GPU memory. Here, we see that without checkpointing,
peak memory is nearly identical across all methods at the same m; the overhead relative to Full-
Training Update is determined almost entirely by the m additional target samples in the merged batch.
With checkpointing enabled, the memory overhead of Global Subset Update becomes apparent: as
discussed in Section 4.4, for a partition that spans a large number of layers across the checkpointing
schedule, the designed one-pass scheduling fails to respect it, resulting in a similar peak memory
usage as without checkpointing when the model size grows.

Table 5: Peak GPU memory (GB) using compressed scoring (n = 8, T = 512, m = 1, k = 4), with
and without activation checkpointing.

SMOLLM2-360M TINYLLAMA-1.1B LLAMA-3.2-3B
Full-Training Layer-Wise Subset ~ Global Subset  Full-Training Layer-Wise Subset  Global Subset ~ Full-Training Layer-Wise Subset ~ Global Subset
No ckpt 9.4 10.3 10.4 15.0 16.2 16.2 37.9 40.7 40.7
With ckpt 4.6 4.9 75 10.3 10.4 14.5 29.9 30.1 38.1

5.4.2 Scoring Cost

We next benchmark different scoring mechanisms introduced in Section 4.3. Table 6 reports stan-
dalone scoring cost at n = 8, sweeping 1" at fixed m = 1 and m at fixed T' = 512.

Results. We see that across the model size, number of validation samples (m), and also the length
of the sequence (1), our proposed PIP remains competitive across regimes. More specifically, this
validates the theoretical crossovers from Section 4.3.

At short sequences (1" = 512), GIP is the cheapest exact method for all three models (42—71 ms).

At T = 2048, the ranking reverses for models with smaller /d/L: Direct becomes cheapest on
SMOLLM2-360M (151 vs. GIP 441 ms) and TINYLLAMA-1.1B (349 vs. 518 ms), while LLAMA-

3.2-3B (whose larger y/d/L pushes the crossover beyond T = 2048) retains GIP as cheapest (946
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Table 6: Standalone scoring cost (ms/step) at n = 8. Bold indicates the cheapest exact method per
column. The T-sweep fixes m = 1; the m-sweep fixes T' = 512.

SMOLLM2-360M TINYLLAMA-1.1B LLAMA-3.2-3B
sweep T' sweep m sweep T' sweep m sweep T' sweep m
Scoring 512 2048 8192 1 4 8 512 2048 8192 1 4 8 512 2048 8192 1 4 8
Direct 56 151 571 56 77 99 131 349 1344 131 174 234 415 1166 4076 415 518 668
GIP 42 441 7073 42 130 239 43 518 8317 43 153 275 71 946 15017 71 273 495
PIP 53 155 577 53 71 87 103 393 1567 103 141 189 254 1076 4127 254 344 465

Compressed 29 48 162 29 29 29 25 58 216 25 25 25 40 107 412 40 40 40

ms). By T' = 8192, all models have crossed over and Direct is the cheapest exact method, with PIP as
a close runner-up on SMOLLM2-360M (571 vs. 577 ms) and LLAMA-3.2-3B (4076 vs. 4127 ms).

The m-dependent crossover is also confirmed: at 7' = 512, PIP overtakes GIP at m = 4 for
SMOLLM2-360M (71 vs. 130 ms) and TINYLLAMA-1.1B (141 vs. 153 ms), and at m = 8 for
LLAMA-3.2-3B (465 vs. 495 ms), consistent with the predicted crossover at m > /d/L/(2T).
Compressed scoring remains cheapest across all regimes (25-412 ms), making it the practical default.

6 Discussion

In this section, we discuss several aspects related to our proposed framework.

6.1 Classical Regularization

Both data regularization and classical regularization (e.g., weight decay, KL penalties, LoRA’s
low-rank constraint) ultimately constrain the parameter update, but they differ in the source of the
constraint. Classical regularization is usually derived from a data-agnostic complexity measure on 6,
restricting the update through intrinsic properties of the parameters themselves. Data regularization,
by contrast, imposes a data-induced constraint in the parameter-update space via the feasible set Uy,
whose admissible directions are shaped by the available training samples.

6.2 Designing New Feasible Sets

The Dr. Post-Training framework provides a blueprint for designing new data-centric methods:
(i) define a feasible set U, (ii) design an efficient algorithm that solves u* € U based on Eq. (3).
Several natural extensions of the feasible set follow this template:

1. Soft weighting. Replace hard subset constraints with continuous weights: Ugyre =
{> ;wigit w € Ay}, where A, is the probability simplex. The projection Eq. (3) becomes
a quadratic program over the simplex, solvable in closed form or via efficient Frank-Wolfe
steps [Nikdan et al., 2025]. This can be further extended to the same group-wise decomposition
across parameter groups. This relaxation sidesteps the combinatorial search over (Z) subsets

required previously.

2. Token-level granularity. For sequential models, instead of operating at the sample level, operate
at the token level within each sample, yielding a finer-grained feasible set. Since per-token
gradients are naturally available during backpropagation, this can be implemented within the
existing Group-Wise Subset Update pipeline.

6.3 Connection to Domain Adaptation

The mismatch between general-purpose pretraining corpora and a narrow target task is a recurring
theme in transfer learning and domain adaptation [Pan and Yang, 2009]. A long line of work has
studied when and how such transfer succeeds, highlighting source—target divergence and the risk
of negative transfer as central concerns [Ben-David et al., 2010]. Classical remedies operate at the
instance level: reweighting examples under covariate shift [Sugiyama et al., 2007], adapting feature
representations [Daumé III, 2007], aligning domains adversarially [Ganin et al., 2016], or combining
multiple source domains [Guo et al., 2018]. In the LLM era, continued in-domain or task-adaptive
pretraining has become the de facto approach for reducing this mismatch [Gururangan et al., 2020].
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Our framework addresses the same general training—target gap, but at a fundamentally different
level of abstraction. Where instance reweighting corrects the empirical risk via density ratios and
representation alignment enforces domain invariance in hidden states, both are specific algorithmic
choices for bridging the domain gap. Dr. Post-Training instead formulates general training data as a
regularizer on the target-driven update direction, yielding an explicit per-step bias—variance tradeoff
governed by the feasible set U. This perspective not only subsumes existing instance-level strategies
as special cases of the feasible set but also opens the door to beyond-instance designs such as Group-
Wise Subset Update, where different parameter groups draw on different training subsets within a
single optimization step—a capability that falls outside the scope of standard domain-adaptation
formulations.

7 Conclusion

In this work, we propose Dr. Post-Training, a data regularization framework for LLM post-training
that leverage the abundant yet imperfectly aligned general training data a regularizer that constrains
target-driven updates. This framework provides an alternative view of existing data selection methods
and further leads to natural generalization, broadening the design space and shedding light on their
respective tradeoffs. With extensive system optimization, we offer an efficient implementation of our
proposed methods under strict memory constraints in modern LLM training pipelines. Experiments
across SFT, RLHF, and RLVR demonstrated consistent improvements over strong baselines with
minimal system overhead.
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A Omitted Details from Section 2

In this section, we briefly review the two low-dimensional parameter training methods used in this
paper, LoORA and MeSO.

To keep the discussion self-contained, we introduce only the notation needed here. In particular, for a
. . . . (1) g® .
linear layer [, we write its weight matrix as W) € R %%’ where di(rf) and d(()lu)t denote the input

and output dimensions, respectively. This notation is consistent with the main text, except that here
l l
we do not assume di(n) = d((m)t =+/d/L.

Al LoRA

LoRA [Hu et al., 2022] reparameterizes each linear layer [ as W) + B A(®) where B! ¢ R
and AW ¢ R™* are low-rank adapter matrices with rank r < min(di(rf), d((,lu)l) During training,
the pretrained weight W () is kept frozen, and only the adapter parameters A and B are updated.
We collectively refer to these trainable parameters as the adapters. Because the number of trainable
parameters is much smaller than in full fine-tuning, LoRA substantially reduces memory usage:
gradients and optimizer states (which can be several times larger than the gradients themselves) need
to be stored only for the adapters rather than for the full weight matrix.

A2 MeSO

MeSO [Zhao et al., 2024] maintains optimizer states in a compressed subspace R" rather than the full
parameter space R?. At each layer I, MeSO uses a projection II € Re xd® (where dV) = d-(l)dgf])t

is the number of parameters, () is the compressed dimension for layer I, with d = > d® and

K= x1) to compress the vectorized gradient Vec(g(l)). The standard MeSO update is given in
Algorithm A.1.

Algorithm A.1: Standard MeSO Training
Data: Model 6, training data {z;}?_,, learning rate 7, projections IT
Result: Updated model parameters 61

1 (¢, {a(l),egl)}lyi)<—Forward(9t, {z:})

K2

fori=1L1,...,1do

{56/5‘e§l)}?:1 <+Backward (¢, 0,5”)

u) L5 (94/0e) @ af’

Release (agl), 88/5‘65”) for all %

ﬂil) eH(uil)) // Compress to R”
Ht(Ql +— 9151) — - (HTﬂy)) // Back-project and update
Release (ﬁg”)

return 0,

[©)

Compared to LoRA, MeSO achieves memory savings through a different mechanism. LoRA reduces
memory by restricting training to a small set of adapter parameters, so gradients and optimizer states
are stored only for those parameters. In contrast, MeSO keeps the original parameterization of
the model, but performs optimization in a low-dimensional subspace. As a result, gradient-related
quantities such as optimizer states need only be maintained in the compressed space rather than in the
full parameter space. This can lead to even greater memory savings, especially when the subspace
dimension is smaller than the number of trainable parameters used by LoRA.6

A.2.1 Subspace Refreshing

We note that in many MeSO methods, the projection II is periodically refreshed from Il to Il
to allow updating different subspaces, which requires transferring the optimizer’s momentum states

OTechnically, it is possible to combine LoRA and MeSO. However, this leads to instability and is not a common practice.

34



to the new subspace. Prior works omit this nuance by setting the momentum states to zero for
simplicity [Zhao et al., 2024]. Here, we provide a strategy for AdamW [Loshchilov and Hutter, 2019]
to mitigate this.

First moment. For the first moment Mg € R”(l), the transfer is straightforward: back-project to
full space via I, then forward-project via Iey-

Second moment. For the second moment voq € R”(l), a naive linear transformation is incorrect
since variance is a quadratic quantity. In our implementation we consider a diagonal covariance
approximation Yoq & diag(0e1a). This allows us to transform the second moment as:

~ . . ~ T ~

Dnew = diag(M diag (o) M ') = (M © M)boi,
where M = HneWH(Id. When M is too large to form explicitly, this diagonal can be esti-
mated stochastically via Hutchinson’s method [Hutchinson, 1989]: Opew =~ —L ZNpr“b° r; ©

Nprobe j=1
(M diag(de1a) M "r;) with Rademacher probes r; € {—1,1}“(”.

B Omitted Details from Section 3

This section collects the technical results deferred from Section 3. Section B.1 derives the projection
formulation (Eq.(3)) from the majorization—minimization relaxation. Section B.2 derives both the
one-step majorization descent lemma (Lemma 3.1) that reduces bias—variance tradeoffs for each
method to MSE, and further provides the MSE bounds for all four methods, proving Proposition 3.3
and theorem 3.4.

For convenience, we restate all the assumptions used throughout the proofs.

Assumption (Target smoothness, Assumption 1). The target population loss L, is [-smooth for
some 3 > 0.

Assumption (Bounded gradients, Assumption 2). There exists C' > 0 such that ||g;|| < C for all
i€ n).

Assumption (Sub-Gaussian noise, Assumption 3). Noise of target gradient § ‘= G, — g4 is sub-
Gaussian with parameter o /\/m for some o > 0.

B.1 Derivation of the Projection Formulation

By Assumption 1, the target loss admits the quadratic majorization

_ _ BIE |12
L4 (00— ) < La(6,) = milgeru) + =5l

Minimizing the upper bound on the right-hand side over u € Uy, dropping the constant £, (6;), and
substituting the target batch estimate g, for the unknown g, yields

2

ut:argmax{<§*,u>—ﬁm||u|2} <= wu; € argmin ||u — I ,
ueUy 2 ucUy 5771:
where the equivalence follows from completing the square:

i Bey 1o B L gl

(> w) 9 [Jull® = B u B G 28,

Setting n; = 1/ [Bottou et al., 2018] absorbs the scaling, giving Eq.(3).

B.2 Proof of the Bias—Variance Tradeoffs

‘We now prove the one-step majorization descent lemma (Lemma 3.1):
Lemma B.1. Assume Assumption 1. Fix 0; and let 0 < n; < 1//3. For any u with E[||u||? | 6] < oo,

E [£.(6141) | 6] < £.(6) — 5 llg.]1” + T MSE(w).
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Proof. By Assumption 1 and linearity of expectation,

b
2

Expanding MSE(u) = E[||ul|? | 6;] — 2{(gx, E[u | 6;]) + ||gx||* and rearranging gives

E[L.(0¢+1) | 0:] < Lo(0) = mege, Elu | 0c]) + == E[||ul| | 0¢].

1 1 1
—(9 Elu | 0:) + SE[ull* | 0] = =5 llg.l|* + 5 MSE(w).

Substituting and using 7; < 1/ to drop the nonpositive remainder (6—"? — WE[[Jull® | 6] <0

2 —
yields the result.

We are now ready to prove the bias—variance tradeoffs. Firstly, we prove Proposition 3.3 for the
Full-Training Update and the Target-Only Update.

Proposition 1 (Bias—variance tradeoffs). Fix 6; and let n, = 1/f. Then:
(i) Full-Training Update. For U" = { g, },
tr (X, .
B = g — g2+ T vy =0

(ii) Target-Only Update. For U} = R¢,

BU) =0, V(u) =

Proof. We prove this one by one.
(1) Part (i) (Full-Training Update). Since u? = gy, has mean g, and covariance 3¢, /n,
r N N 1
MSE(u;") = [[E[ger — g« | 0117 + tr(Cov(ger — g+ | 02)) = llger — gl1> + — t1(Ber)-

Furthermore, note that since U* = {g}" }, we also have B(U}*) = MSE(u}{").

(ii) Part (ii) (Target-Only Update). With v} = §, and §. — g, has mean zero and covariance
S./m,

. . 1
MSE(u;) = E[| g+ — gull* | 0] = tr(Cov(g. | 6,)) =

- tr(3y).

We conclude the proof by noting that B(U}) = 0 as U} = R

Finally, we conclude this section by proving Theorem 3.4.

Theorem (Bias—variance tradeoffs). Assume Assumptions 2 and 3 and fix 0, and let y, = 1/5. Then
forany k € [n]:

(i) Global Subset Update. For US°" (k),

V(u%bb(k)) < éi/Cmo' 2log (2(2))

(ii) Group-Wise Subset Update. For UF™ (k; G) where G = {Gp}L_, contains P groups,

2log (2(:))

Moreover, Global Subset Update has a higher bias compared to Group-Wise Subset Update:
BUF™(k;G)) < BUF" (k).

4CPo

V(i (k; G)) <
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Proof. We prove this one by one.

®

(ii)

Part (i) (Global Subset Update). Fix k and write U := U£'°"(k). Let £ := §, — g,. Define

u* = uf'" € argmin|ju — g, %, ul € argmin|ju — g,.||%.
uel uelU

By the projection property, [|[u* — .|| < ||u" — §.||?. Expanding both sides via g, = g, + &:
[u* = gull? = 2(u" = g4, &) < [luf — gul® = 2(u” — g, €).
Rearranging, we get

lu* = gull® < fluf = gul® + 2(u* —u',€) < JJu — g, |2 +4SHEI<E,U>I.
ue

91;| )

The first term is simply B(U) = E[inf ey ||u — g.||? | 6;]. Hence, we have

at‘| )

and it remains to bound E[sup,,c;;[(€, w)| | 6¢]. By the sub-Gaussian assumption on the target
noise, for each fixed u the random variable (£, u) is sub-Gaussian with parameter o||u||? /m,
i.e.,

Taking expectation over randomness in U (i.e., over B;), we have

MSE(uf®") < E[|[u’ — g.|* | 6:] + 4E

sup|(£, )|
uelU

V(uf*”) = MSE(uf'”) — B(U) < 4E lsup|<§7 )
uelU

A20?
E [exp(A(€, u))|6:] < exp <2m||u|2> , VAeR

By Assumption 2 and convexity, ||u|| < G for all u € U. The sub-Gaussian maximal
inequality [Vershynin, 2018] states that for /N mean-zero sub-Gaussian random variables
X1, ..., Xy with common parameter 72, E[max;|X;|] < 71/210og(2N). Applying this with
N =|U| < (}) and 72 = 02G? /m:

E | sup|(¢, u)|

uelU

vm

Taking expectation over ¢ (i.e., over BY) finishes the proof.

et] < 7%\ /3Tog(aI0).

Part (ii) (Group-Wise Subset Update). The argument follows Part (i). Write U := UF'? (k). By
Assumption 2, each per-group component satisfies ||u()|| < G, so ||u||?> < PG?. Hence, the
same argument yields

V(™) < ”‘Gg”\/a log @01,

The cardinality bound follows from independence across groups: each group p independently
chooses S, C [n] with |S;,| = k, so |U] < (Z)P. Substituting: 10g(2(2)P) = log2 +

Plog (}) < Plog(2(})) for P > 1,50 GV'P - /2P log(2(})) = GP4/2log(2(})).

O

Simulation. Overall, which update dominates depends on the target batch size, the training—target
mismatch, and the feasible-set complexity. Figure 12 illustrates three representative regimes using
synthetic parameter choices to illustrate Theorem 3.4:

* Small mismatch. All four methods occupy distinct regimes. As m grows, the preferred update
transitions from the Full-Training Update to the Global Subset Update, then to the Group-Wise
Subset Update, and finally to the Target-Only Update.
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* Moderate mismatch. The Group-Wise Subset Update dominates the Global Subset Update across
a wider range of m, yielding a transition from the Full-Training Update to the Group-Wise Subset
Update and then to the Target-Only Update.

* Large mismatch. The bias of full-training and Global Subset Updates is large enough that the
Group-Wise Subset Update dominates even for relatively small m, before eventually giving way to
the Target-Only Update when enough target data are available.

tr glob grp * tr grp * grp *
U = uy —uy o = ug ug = uy s > ug uy s = ug
T ¥ T T T T
| | | | | \ I tr
141 ! | | S | | oA [ t
| | | | | |
B\ I | I | —— pslob
EINN ‘ ‘ & ‘ — v
1 I ! o | S It grp
] T — | T Ut
| | ] | ] | *
| | | | | | Ut
4 I . I bl [ S . . [
m m m

Figure 12: Illustration of MSE for each method as a function of target sample size m, according to
Theorem 3.4. Shaded regions indicate the method with the smallest MSE. As distribution mismatch
increases (left to right), Group-Wise Subset Update dominates over a wider range of m.

C Onmitted Details from Section 4

This section provides the details deferred from Section 4. First, Section C.1 fills the gap of Section 4.2,
where we discuss the tensor lifetime scheduling and also the scoring for general partition that we omit
in Section 4. Section C.2 then presents a naive implementation that avoids memory management issues
by using two passes. Section C.3 explains how to compress per-sample gradients efficiently without
materializing the full gradient. Section C.4 derives the exact computational and memory complexity
for each scoring method in Table 1. Section C.5 then describes how Layer-Wise Subset Update
integrates with LoRA and MeSO, covering gradient representations and optimizer state transfer.
Finally, Section C.6 discusses how data regularization extends beyond linear layers, including an
efficient scoring algorithm for embedding layers and the treatment of other non-linear modules,
specifically normalization layers.

Notation. Unlike in the main text where we focus primarily on layer-aligned partition G = {G),} 5;1
such that G/, contains parameters of layer(s), in this section, we consider general partitions such that
each group might contain a part of each layer and can also span across multiple layers. For the ease
of presentation, we overload the notation (") and (), where the former always refers to group-wise
quantities, and the latter refers to layer-wise quantities.

C.1 General Partition

The one-pass tensor lifetime schedule presented in Section 4.2 focuses on layer-aligned partitions,
where each group G, is a union of whole layers. Here, we discuss the additional complications that
arise for arbitrary partitions whose groups may split parameters within a single layer.

C.1.1 Layer-by-Layer Discipline

After the backward pass, all retained pairs (a(!), 9¢/0e(!)) are available. To stay within the memory
budget, score computation and gradient assembly must still proceed layer by layer. At each layer
l, we compute per-layer score contributions and accumulate them into the scores for each group. A
group G/, becomes resolvable once all layers intersecting G, have been visited, at which point .Sy ,,
is determined. The update direction u(?) is then assembled from the per-sample gradients of the
selected samples at layers intersecting G, and the retained quantities at layer [ are released once all
groups intersecting that layer have been resolved.
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C.1.2 Non-Layer-Aligned Partitions

The layer-by-layer discipline introduces a tension between memory and recomputation for partitions
that do not align with the layer structure. When a group G, spans multiple layers, .S ;, is not known

until all layers in the group have been scored. If the scoring strategy materializes per-sample gradients

gi(l) at each layer, these cannot in general be retained across the group’s full span without exceeding

the memory budget; they must be discarded after scoring, and recomputed from the retained pairs
(aV,00/9e®) when uP is assembled.

Scoring. We now show how to compute the per-group scores sz(-p ) during the backward pass.
(p)

%

(p)

%

A crucial observation is that the score decomposes linearly over parameter space, i.e., s
> gea, Jig - Jx,q Where g; , denotes the ¢" entry of g;, similarly for Jx,q- Hence, computing s
reduces to computing the per-parameter score s; 4 = ¢; 4 - §,q for each ¢ € [n] and ¢ € [d]. This is

realized via layer-wise accumulation: for each p, we initialize sl(-p ) < 0. Then during the backward

O] ®

pass at layer [, we first materialize the per-sample gradient g, and the average target gradient g,

and obtain all per-parameter scores s; 4 by computing gﬁ” O] ggl) € R/L for all ¢ belonging to layer
(

l. Finally, we accumulate s;” ) sgp ) 4 > 4eG, Sig and continue the backward pass to layer [ + 1.
Remark C.1. We highlight that the scoring methods discussed in Section 4.3, except for Direct,

o ®

therefore can not handle general partition, as they do not materialize g,’ and g; ' explicitly.

Update assembly. Recall that for layer-aligned partitions, we can break down the construction

of ugp ) into layers. Similarly, in the case of general partitions, we again follow the layer-by-layer

discipline, where for each layer, we first identify groups G, that have non-empty intersections with
it, and for each of these groups, what are the corresponding parameters in the intersection. Then,

we materialize all the per-sample gradients { gfl) 11, of the entire layer, and resolve for each group
O]

i

by first computing the average over samples i € .S; , with sub-vectors of g
parameters that belongs to the group.

that corresponds to

C.2 Two Pass Implementation

Recall from Section 4.1 that in standard training, both a® and o/ / 9e®) can be released as soon
as the batch gradient f]t(i) is assembled, that is, once the update direction at layer [ is decided. For
Group-Wise Subset Update, however, the update direction at each group p depends on S, ,, and
St,p can only be determined after scoring all samples across every layer whose parameters intersect
G,. Standard training releases the per-sample quantities needed for gradient assembly before S; ,,
is known. For Layer-Wise Subset Update, each group corresponds to a single layer, so .S; , can be
determined after scoring all samples within that layer, and per-sample quantities can be released
immediately. For coarser partitions, however, a two-pass approach trades extra computation for
standard memory.

C.2.1 Separate Scoring and Gradient Passes

One solution is to use two passes. A first scoring pass accumulates per-group scores sgp ) layer by
layer during a standard forward-backward pass as described in Section C.1. After S; , is determined,
a second gradient pass re-runs forward-backward on the union Up St p: at each layer [, the gradient
for each group p whose parameters intersect that layer is assembled from the samples in S; ;,, which
again follow the same strategy described in Section C.1 in the case of general partitions.

As a concrete instance, consider Global Subset Update, where all parameters form a single group so
that Sy , = S; is global. The per-sample score decomposes as s; = lL:l sgl), so the scoring pass
accumulates per-layer contributions into one global score per sample. The gradient pass simplifies to a
forward-backward on the k selected samples, at an additional cost of recomputation. GREATS [Wang

et al., 2024b] adopts this two-pass design; Algorithm C.1 presents the full pseudocode.
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Algorithm C.1: Global Subset Update (two-pass)

Data: Model 0,, training data {z;}}_,, target data {27}, learning rate 7,
Result: Updated model parameters 6, 1 s

/* Scoring pass */
(, {al(-l), el(-l)}l’i U {a;(l)7 e;(l)}l,jy—Forward(Ht, {zifi U{z L) // +O(NTVdL)
forl=1L1,...,1do

{86/865”}?:1 U {8(/86;(” 7, «Backward(/, Qt(l))

sl(-l) <—Score(a§l), 03/8@21), {a;(”,aZ/ae;(”};ﬂ:l) for each i € [n] // Section 4.3

Release (agl), 66/861(”, a;(l), 85/86;(”) for all 4, j // —O(2NT.\/d/L)
S; Zlel SZ(-l) forall i € [n) // Global scores
St +—Select-S({s;}iq, k)
/* Gradient pass on subset S */
(Ls,, {a\"}, 1)Forward (6, {z}ics,) // +O(KTdL)
fori=1L1,...,1do
{0¢s, /9e!"}ies, +Backward(lg,, 6") // —O(kT\/dJL) + O(kT+\/d]L)
uf) e 1306, (05, /0e) @ 0 // +O(d/L)
Release(agl), aest/aeg”) foralli € S, // —O(2kT+/d/L)
10, 00—
B Release(uil)) // —O(d/L)
return 6; |

C.2.2 Compatibility with Memory-Saving Techniques

The two-pass design is compatible with both activation checkpointing and gradient accumulation,
since each pass independently preserves the standard memory profile. For activation checkpointing,
when the partition does not align with the checkpointing schedule (i.e., some group G, spans multiple
checkpoint segments), the scoring pass computes per-group scores under standard checkpointing,
releasing activations at segment boundaries, and the gradient pass performs a checkpointed forward-
backward over Up St,p. For gradient accumulation with rules that depend on global batch statistics
(e.g., top-k), the scoring pass processes all micro-batches to determine S; ,, for every group, and the
gradient pass assembles gradients from Up Stp» itself split into micro-batches if needed.

C.3 Efficient Per-Sample Gradient Projection

In this section, we provide a self-contained discussion on the state-of-the-art per-sample gradient
compression [Hu et al., 2025a], which is used in both the MeSO integration and also the compressed
scoring, where the scoring is computed using compressed gradients.

C.3.1 Factorized Projection

State-of-the-art gradient compressors [Hu et al., 2025a, Choe et al., 2025] consider a projection
operator II € R%*4 from dimension d := di,doy to dimension x < d with a two-stage structure:

II= Pﬁnal (Pm & Pout) 5
where P, € R*n¥dn and P, € Rr*dou are the first-stage projections, P, ® Py denotes their
Kronecker product, and Py, € R¥*#inkou jg 3 small second-stage projection.

Remarkably, for any input vectors that admit such a factorized structure, the factorized projection
can be computed efficiently without materializing the full R”*¢ representation of II, and can directly
operate on the input factors in R% and R%, enabling efficient forward and back-projection. This
allows us to apply such a compressor to linear-layer gradients efficiently, as we will soon see.
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Forward projection. For any input with outer-product structure b® a where a € R% and b € R%u,
the forward projection evaluates as

ITvec(b ® a) = Pina vec ((Pou[b) ® (Pina)),

requiring only two small matrix-vector products (Pj,a € R"" and Py,b € R") followed by the
second-stage projection, without forming vec(b ® a) € R?. By linearity, this extends to sums of
outer products: for X = ZT b, ®a,,

X = T vec(X) = Phna vec (Z(Poutbr) ® (Pinar)> ,

T

where each term contributes a small outer product in R ou > Fin,

Backward projection. For any vector 7 € R, the transpose map I1"Z € R? is equally efficient.
Let X’ € RFou>%in be the matrix obtained by reshaping (Psna) ' Z. The Kronecker structure gives

Mat(IT'Z) = (Poy) " X' P,
a pair of small matrix multiplications, without forming the full matrix ITT € R¥**,

C.3.2 Per-Sample Gradient Compression

We now show how to apply this compressor to compress linear layers’ per-sample gradients.

Notation. For generality, we do not assume that each linear layer is square: specifically, the
weight at layer [ is W) € Réon ¥ with (V) = dV ). related to the vectorized form by () =
vec(W(”). Per-training-sample weight gradients are correspondingly denoted Ggl) € Rt Xdi("l),

so that ggl) = vec(Gl(-l)). Similarly for G for per-target-sample gradients. Let (-,-) denote the

Frobenius inner product, i.e., the Euclidean inner product of the vectorized forms.

Efficient per-sample gradient compression. Recall that the per-sample weight gradient for sample
z; at layer [ is a sum of outer products over tokens: gl@ = Zle(ae/aeﬁfl) ® agfl e R,
Consider a compressor II(") := Péizﬂ(Pig) ® P(l)), with Pifll) e R %4 and P € R Xdiét), and

out out

Péflil e R+ X ol Applying the forward projection gives the compressed per-sample gradient

T

~ o

gz@ = Pfgllqzu vec Z (Plgl)agll) ® Po(lit)ﬁ er™".
=1 aeiﬂ—

We note that this can be computed directly from the cached activations and activation gradients,

without materializing ggl). With careful choice of Piff), Po(it) , and Pﬁ(fl?ﬂ, the per-sample memory

is O(k(") instead of O(d"), and the per-token computational cost is O(x(!)) [Hu et al., 2025a],

so compressing all n samples across 1" tokens and L layers costs O(nT'k) in total where Kk =
>, k. Later, we write this operation as IT() (agl), 8@/865-”, {a;(l), 8@/86;(l)}) in Algorithm C.2
to emphasize that II(") operates on factorized inputs without materializing the full gradient.

C.4 Scoring Complexity

We derive the exact computational and memory complexity for each scoring method in Table 1. Every
addition and multiplication counts as one operation; memory is measured in scalar entries under fully

batched execution. Throughout, we let w = 1/d/L to denote the layer width for brevity, N = n+ m,
and all quantities carry a layer index () that we suppress for brevity.

C.4.1 Direct

Three steps:
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1. Materialize n training gradient matrices g; = Zle (0¢/0e; »)®a; -. Each ® Kronecker product

costs w? multiplications; summing 7" outer products element-wise adds (7 — 1)w? additions. Per
sample: (27 — 1)w?. Total: n(2T — 1)w?.

2. Materialize G, = % > j gj. Same Kronecker-product accumulation for m target samples:
m(2T — 1)w?. Summing the m matrices: (m — 1)w? additions. Scaling by 1/m: w? mul-
tiplications. Total: m(2T — 1)w? + (m — 1)w? + w? = 2mTw?.

3. Score. Each Frobenius inner product s; = (g, g;) costs w? multiplications + (w? — 1) additions
= (2w? — 1) per sample. Total: n(2w? — 1).

FLOPs. n(2T — 1)w? 4+ 2mTw? + n(2w? — 1) = 2NTw? + n(w? — 1).

Memory. n gradient matrices g; € RY*% plus g,: (n + 1)w?.

C.4.2 Ghost Inner Product (GIP)
For each training-target pair (4,5 ):

1. Two T x T matrix products. Form the activation-gradient cross-correlation (9¢/de;) " (0¢/de}) €
RT*T and the activation cross-correlation (a;)"a} € R”*”. Each entry is a dot product of

w-vectors: w multiplications + (w — 1) additions = (2w — 1) per entry, 72 (2w — 1) per matrix.
Two such matrices: 272 (2w — 1).

2. Frobenius inner product. Element-wise multiply and sum: 72 multiplications + (72 —1) additions
= (2T% - 1).

Per pair: 2722w — 1) + (27% — 1) = 4T%w — 1. Accumulating m pairs per training sample adds

m — 1) additions and 1 multiplication (the 1/m scaling), giving m (472w — 1) + m = 4mT?w per
( p g), giving p
training sample.

FLOPs. 4nmT?w.

Memory. Two T' x T cross-correlation matrices per (i,5) pair, batched over all pairs: 2nmT?2.
C.4.3 Per-Token Inner Product (PIP)

Two steps:

1. Materialize G,. Identical to Step 2 of direct: 2mTw?.

2. Score. For each training token (4,7): a matrix-vector product G,a; » € R costs w(2w — 1) (each
of w entries is a dot product of w-vectors), then a dot product with 9¢/de; , costs (2w — 1). Per
token: w(2w — 1) + (2w — 1) = (w + 1)(2w — 1) = 2w? + w — 1. Accumulating 7T tokens into
si: T(2w? +w — 1) + (T — 1) = 2Tw? + Tw — 1 per sample. Total: n(2Tw? + Tw — 1).

FLOPs. 2mTw? + n(2Tw? +Tw — 1) = 2NTw? + n(Tw — 1).

Memory. G, € R**% plus the batched intermediates G, A € R**"T: 2 + nTw.
C.44 Compressed Gradient

Three steps:

1. Compress all N per-sample gradients to g; € R~ via the projection II. The per-token cost
depends on the Kronecker structure of IT (see Section C.3); the total is O(N TH(Z)).

2. Aggregate target gradient g, = - > g5. Summing m vectors of dimension £(!): (m — 1))
additions. Scaling by 1/m: () multiplications. Total: ms").

3. Score. Each inner product s; = (g, g;) costs x) multiplications + (x() — 1) additions =
(26 — 1) per sample. Total: n(2x" — 1).
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FLOPs. O(NTxW) + (2n +m)x®,
Memory. 7 compressed training gradients plus g,: (n 4 1)x(1).

C.5 Integrating LoRA and MeSO

The Dr. Post-Training framework is agnostic to the gradient representation at each layer, compos-
ing naturally with parameter-efficient and memory-efficient training methods. We now detail the
integration with LoRA and MeSO.

C.5.1 LoRA Integration

We adapt the same notation as in Section A.l. Since the two LoRA adapters B() and AY) are
themselves linear maps, the per-sample gradients admit the same outer-product factorization as
full-parameter gradients:

QA _ ~ ot (B o grxd? B _ S (AD) o gd)xr
3 PRCHEACEN : V=) el E '
0T T=1 i,T

T=1

The layer-wise scoring sgl) = (G(*l), G§I)> and gradient computation proceed identically to the full-

parameter case, but with the adapter dimension r(di(rf) + d(()lu)t) replacing the full dimension di(rf) d(()lu)t

This yields proportional reductions in both scoring and gradient computation cost. No modification
to the Layer-Wise Subset Update algorithm (Algorithm 4.3) is needed; LoRA simply changes the
gradient representation that the algorithm operates on.

C.5.2 MeSO Integration

We adapt the same notation as in Section A.2. We see that since MeSO only changes how the optimizer
update is applied, not how per-sample gradients are computed, data regularization integrates directly:
any scoring method from Section 4.3 (including the exact methods) can be used to determine S; ,,
and the optimizer then updates in the projected subspace using only the samples in Sy ;.

Compression. We adapt the Section C.3 for the computation of the compression required by MeSO.
Note that the compressed gradients are trivial to compute by directly applying the forward projection
in the factorized form. The tricky part is that when computing the momentum states transfer during
subspace refreshing, some of the input does not have the factorized structure.

Taking the first moment Mg as an example, we see that the transformation requires computing
Hnewﬂgdmo]d. We see that for the backward projection, we have an efficient implementation to
compute H(Idmold. However, for the forward projection, it is unclear how to forward project this
general input H(Idmold under II,.,. However, a simple application of the same trick (formally known
as the vec-trick), as discussed in the backward projection, resolves this problem and provides a way
to compute the forward projection on general input. We omit the details here for simplicity.

Scoring. For exact scoring, this is quite straightforward: we first compute the scores using one of
the exact scoring methods discussed in Section 4.3, discard all the intermediate quantities, solve for
St,p» and finally compute the compressed gradients for .S ,,. Since the exact scoring and compressed
gradient computations generally do not have overlapping computations, we do not need to consider
retaining any intermediate quantities to avoid recomputation, simplifying the memory management
issue.

On the other hand, for approximate scoring, we see that the compressed per-sample gradients that
MeSO computes for parameter updates can also be used for compressed scoring (Section 4.3.3) as an

additional optimization, so that the same compressed gradients §fl) , 59 drive both alignment scoring

(SZ(-Z) = @Z(f) , §§” )) and the optimizer update, avoiding redundant computation.
However, in this case, we note that managing memory for the compressed per-sample gradients
needed by the optimizer update and compressed scoring is again non-trivial: when there is a group

G, that contains many layers, materializing all the per-sample compressed gradients across all layers
may still be memory-intensive and infeasible under a tight memory budget.
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Memory management for compressed scoring. We next discuss the memory-management aspect
for MeSO with compressed gradients reused. Specifically, assume that we materialize all the O(n)

compressed per-sample gradients 5@ and also gi” during the backward pass. Once 5@

the activations al(»l) and activation gradients 9¢/ 861(»” can be released immediately, since the optimizer
update only requires averaging the compressed gradients in S; ;. This replaces O(2nT'\/d/L)
memory (for agl) and 86/869) with O(nx(®) (for ﬁfl)), a net savings when k) < T'\/d/L, which
holds in typical settings. Hence, it is generally possible to directly retain all the compressed gradients
to avoid recomputation of the per-sample compressed gradients for the MeSO updates.

is computed,

For illustration, the pseudocode for this strategy in the case of Layer-Wise Subset Update is provided
in Algorithm C.2, where the compressed gradients are further released at each layer once S; ; is
determined, so only one layer’s worth of per-sample compressed gradients is held at a time.

Algorithm C.2: Layer-Wise Subset Update with MeSO

Data: Model 0, training data {z;}!" , target data {z =1, learning rate 7, projections 11
Result: Updated model parameters 6; 1

(¢, {agl)}l,i, {a;(l)}lyj)%Forward(Gt, {zihis UL D

for [ = ,1do
{86/86(1)}2 1 {ot/oe; Dy s <—Backward(€ o)
~i(l) + I(a El),é)é/@egl)) e R*" foralli € [n] // Compress training
@;(l) < (a; *(® 86/36*(1)) e R forall j € [m] // Compress target
Release(a 8@/86(” ;(l), 86/86;(”) for all 4, j
9* T mel Agj ©
(l) <~(l) ()> for each i € [n] // Score via compressed gradients
Stl +Select- S({S(l ", k)
t — % Zlesf .9 N(l // Aggregate selected
Release (gi Dy for all i
92521 — et(l) — N (HTail)) // Back-project and update
| Release (ﬂil))

return 6; |

C.6 Beyond Linear Layers

The system design in Section 4 develops scoring and selection exclusively for linear layers (e.g.,
nn.Linear in PyTorch), which account for the vast majority of trainable parameters in standard
transformer architectures. A transformer model, however, also contains other trainable modules—
token embeddings (nn.Embedding) and normalization layers (nn.LayerNorm, nn.RMSNorm)—
whose treatment we now discuss.

C.6.1 Embedding Layers

The token embedding layer maps each input token index x; - € [V] to a dense vector via a lookup:
output, . = Wiz; ;|, where W € RYV*PD is the embedding matrix, V is the vocabulary size, and D
is the embedding dimension. Unlike a linear layer, whose per-sample gradient is a sum of dense outer
products, the embedding gradient is sparse: writing 6; , = J¢;/Joutput, . € RP for the activation
gradient at position 7, the per-sample weight gradient is

T
G; = Zemj & 61’,7— € RVXD,

T=1

where e, . € RV is the one-hot indicator for token z; . Row v of G; equals >
all other rows are zero.

di,, and

T: Xj =V
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Efficient scoring via lookup. This sparsity enables a scoring algorithm that avoids materializing
any per-sample gradient matrix. The target embedding gradient is

m T
%zz v 8, ERVXD,

computable in O(mT D) via index_add (scatter-accumulate over token indices). The per-sample
alignment score then simplifies as follows:

T

\4
s = (Gi, GL) = D (Gil], Gulv]) = Y (i g, Gl 1)),

v=1 T=1

where the last equality follows from G;[v] # 0 only for v € {z; . }.. Each term is a table lookup

of é at index x; » followed by a dot product with J; ,, both O(D) operations. Summing over T'
tokens gives O(TD) per sample, and O(nT'D) across all n training samples. Including the cost of

constructing (., the total is O(NT'D) FLOPs with O(V D) memory for storing G,

Comparison with linear layer scoring. The embedding scoring algorithm is the natural analogue
of the reduced ghost inner product for linear layers (Section 4.3). For a linear layer, the reduced ghost

evaluates ") = 3°_(9¢/ 86(1) NTEWalY) | which requires a matrix-vector product GV e rVI/L
at each token. For the embeddmg layer the ‘input” is a one-hot vector e, _, so the matrix-vector

product Gy e,, . = G.[z; ] reduces to a single row lookup, eliminating the O(D) factor from
the matrix-vector multiply. In practice, the activation gradients ¢; , are already available during
backpropagation (they are the upstream gradient flowing into the embedding layer), so scoring adds
only the table-lookup and dot-product cost per token.

Gradient assembly. After selection, the weight gradient for the selected subset S is assembled as
Gemb) — 157 2ies Gi» Which is a sparse accumulation computable in O(|S||TD) via index_add,

matching the cost of standard embedding gradient computation on a batch of size |S]|.

C.6.2 Normalization Layers

Normalization layers (e.g., LayerNorm [Ba et al., 2016], RMSNorm [Zhang and Sennrich, 2019])
contain a small number of trainable parameters—a scale vector v € R” and optionally a bias
B € RP—contributing O(D) parameters per normalization layer versus O(D?) for each linear layer.
These parameters are not covered by the data regularization hooks and receive their gradients from
the full batch via standard autograd, i.e., they are effectively trained under Full-Training Update
(U = {gtr})- In a typical transformer, the total parameter count of all normalization layers is
negligible relative to that of the linear layers.

Summary. In our implementation, only nn.Linear modules within the transformer blocks are
hooked for data-regularized training. The embedding layer admits efficient per-sample scoring via
the lookup-based algorithm above, though it is not hooked in our current experiments (in LoRA
and MeSO settings, the embedding is frozen; in the full-parameter setting, the 1m_head, which is
often weight-tied with the embedding, is included as a linear layer). Normalization layers are trained
with the full batch. Since linear layers account for the vast majority of trainable parameters, this
design covers the parameters that matter most while maintaining compatibility with standard training
infrastructure.

D Omitted Details from Section 5

In this section, we provide all the omitted details for all experiment settings, including SFT, RLHF,
and RLVR.
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D.1 Computing Resources

Our experiments are conducted on the NCSA Delta cluster.” SFT, RLHF, and benchmark experi-
ments run on nodes equipped with a single AMD EPYC 7763 CPU @ 2.45GHz (64 cores) and four
NVIDIA A40 GPUs (48 GB GDDRG6 each). RLVR experiments run on nodes with dual Intel Xeon
Platinum 8558 CPUs (96 cores total) and eight NVIDIA H200 GPUs (141 GB HBM3 each).

D.2 Supervised Fine-Tuning

We now provide the missing details of the SFT experiments in Section 5.1, including details on
datasets, training configurations, data regularization, and the case study.

D.2.1 Datasets
We consider four general/target pairs:

. alpaca8 [Taori et al., 2023] (CC BY-NC 4.0 license)/samsum’® [Gliwa et al., 2019] (CC BY-NC-
ND 4.0 license). Single-turn instruction-following/dialogue summarization. We randomly sample
40% of the alpaca training pool per seed (~20.8k examples).

e less-mix [Xiaetal., 2024a]/tydiqa10 [Clark et al., 2020] (Apache-2.0 license). Heterogeneous
instruction mixture/multilingual extractive QA. We randomly sample 0.5% of less-mix per seed
(~9.8k examples).

 triviaqa!! [Joshi et al., 2017]/nq_open!? [Kwiatkowski et al., 2019] (CC BY-SA 3.0 license).
Closed-book TriviaQA QA pairs (rc.nocontext, ~ 138k examples)/closed-book Natural Ques-
tions evaluation. We randomly sample 5% of the triviaqa training pool per seed (~ 8.9k
examples).

e less-mix [Xia et al., 202421]/squad13 [Rajpurkar et al., 2016] (CC BY-SA 4.0 license). Same
training pool as the tydiqa setting, with the target task replaced by SQuAD reading-comprehension
answers without context. 0.5% sampling rate as above.

For each target task we hold out 16 samples for data regularization, 500 samples for in-training
perplexity tracking, and report the final-checkpoint downstream metric (Rouge-L for samsum; F1
for tydiqa, nq_open, and squad) on a separate 500-sample test split. Llama-3.2-1B-Base ships
without a chat template, so we install an open-instruct-style fallback ({user)/(assistant) plaintext
markers) before tokenization, with the loss computed only on assistant-content tokens.

D.2.2 Training Configurations

All models are trained with standard supervised fine-tuning using next-token prediction on formatted
instruction—response pairs. Across the four settings, we report results for (i) full-parameter fine-tuning,
(i1) LoRA fine-tuning, and (iii) MeSO; alpaca/samsum reports all three fine-tuning methods, while
less-mix/tydiqa, triviaqa/ng_open, and less-mix/squad report LoRA only. All methods use
the same number of optimization steps within each dataset pair and the same effective batch size.
We use AdamW [Loshchilov and Hutter, 2019] with 8; = 0.9, 8> = 0.999, weight decay 0, a linear
learning-rate schedule with 3% warmup, batch size 8, maximum sequence length 512, and train for
1 epoch. Training uses bfloat16 precision and FlashAttention-2. For the learning rate, we follow
Grattafiori et al. [2024], where we use 10~° for full-parameter fine-tuning and MeSO, and 10~* (10
times scaling [Schulman and Lab, 2025]).

The number of training steps is determined by the 1-epoch budget on the sampled training pool:
~ 2600 for alpaca/samsum, ~ 1225 for less-mix/tydiqa and less-mix/squad, and ~ 1107 for
triviaqa/nq_open. We log evaluation perplexity at ~ 100 equally spaced steps across the trajectory
in all four settings.

"https://docs.ncsa.illinois.edu/systems/delta/en/latest/index.html
$https://huggingface.co/datasets/tatsu-lab/alpaca
https://huggingface.co/datasets/knkarthick/samsum
Onttps://huggingface.co/datasets/google-research-datasets/tydiqa
https://huggingface.co/datasets/mandarjoshi/trivia_ga
nttps://huggingface.co/datasets/google-research-datasets/nq_open
Bhttps://huggingface.co/datasets/rajpurkar/squad
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For LoRA, we use rank = 8, scaling factor o = 16, dropout 0.1, and apply adapters to all linear
layers (the full Q/K/V/O attention projections and the gate/up/down MLP projections). For MeSO,

we use the gradient compressor described in Section C.3.2 with a Gaussian projector for both Po(lit)
and Pifll) of dimension 512 (i.e., the total per-layer compression dimension is £(") = 512 x 512), and

no second-stage projector (Pﬁ(lllz11 = I), refreshing the subspace every 200 steps.

D.2.3 Data Regularization

Data regularization is guided by a small held-out target set of 16 samples (nya1 = 16). At each
training step, we form a merged batch of n = 8 training samples and m = 1 target sample (resampled
per step from the held-out target pool), and score candidate training examples bycompressed scoring
(Section 4.3.3) with gradient compressors of dimension () = 64 x 64 for each layer, including
MeSO. Note that under MeSO, the score compression and update compression are done using
different compressors (64 x 64 for scoring vs. 512 x 512 for updates), allowing a fair comparison
across fine-tuning methods.

We solve S; (or S;; in the case of Layer-Wise Subset Update) by the top-k strategy, where we
consider a retaining rate of 50% (i.e., k = 4 out of batch size n = 8).

D.2.4 Case Study

Figure 13 extends the score analysis from Section 5.1.3 to the three QA settings. The same qualitative
pattern holds across all four settings: a single down_proj layer at an early block (block O or 1)
produces scores 22 x-38x larger than the second-largest layer type at the same block, and the global
ranking is consequently dominated by that layer. Q and K projections, by contrast, retain near-zero
correlation (p < 0.3) with the global subset ranking across all four settings, confirming that the
score-magnitude skew is not specific to any particular general/target pair or training-pool composition.

D.3 Reinforcement Learning from Human Feedback

We now provide the missing details of the RLHF experiments in Section 5.2, including details on
datasets, libraries, training configurations, and data regularization.

D.3.1 Libraries and Datasets

We implement PPO-based RLHF using TRL'# [von Werra et al., 2020] (Apache-2.0 license) and
sample prompts from real-toxicity-prompts!> [Gehman et al., 2020] (Apache-2.0 license). For
rewards, we use the LEFTW R4 Target toxicity detector!® [Vidgen et al., 2021], and we evaluate toxi-
city using da-electra-hatespeech-detection!’. We note that this experimental setup largely
follows the official example provided from TRL,'® but with a newer TRL version.

D.3.2 Training Configurations

For each prompt, the policy generates a continuation of up to 30 tokens, scored by the reward model;
PPO updates maximize reward while penalizing deviation from a frozen reference policy via an
adaptive KL penalty. We use 4 PPO epochs with mini-batch size 4, rollout batch size 256, learning
rate 1075 (policy) and 5 x 10~* (value head), linear schedule with 3% warmup, and no weight decay.
LoRA is applied with rank 16, o = 32, and dropout 0.05. The PPO surrogate uses clipping range 0.2
for both policy and value, value function coefficient 0.1, discount factor v = 1.0, and GAE parameter
A = 0.95. The KL penalty is initialized at 0.02 and adapted via an AdaptiveKLController with
horizon target 70.0, using the k; estimator; early stopping is enabled when the per-step KL exceeds
1.5 x 0.3. Evaluation is performed every PPO step by generating continuations for 500 held-out
prompts (batch size 256) and reporting the mean predicted toxicity.

4nttps://huggingface.co/docs/trl/index
Bhttps://huggingface.co/datasets/allenai/real-toxicity-prompts
1onttps://huggingface.co/facebook/roberta-hate-speech-dynabench-r4-target
"https://huggingface.co/alexandrainst/da-hatespeech-detection-base
Bnttps://huggingface.co/docs/trl/v0.4.7/en/detoxifying_a_lm
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Figure 13: Per-layer scores on the three QA-only settings (full-parameter SFT trace), analo-
gous to Figure 8. Magnitude ratios at the dominant block: 22x (less-mix/tydiqa), 29X
(triviaqa/nq_open), 38x (less-mix/squad). Spearman p of the dominant down_proj layer
with the global ranking: 0.91, 0.94, and 0.90 respectively, while Q and K projections remain near
zero (p < 0.3) in all three settings.
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D.3.3 Data Regularization

In this setting, we consider exact scoring with the per-token inner product introduced in Section 4.3.2.
Two types of “target set” are considered: (i) the same rollout batch (self-referencing), or (ii) new roll-
outs generated from a held-out target set of 1024 prompts, processed in batches of 256. Furthermore,
we consider two target loss functions for the target signals: (i) reward-weighted log-probability, and
(ii) the pre-clip PPO surrogate loss (i.e., the training objective before clipping).

Finally, we solve S; (or S;; in the case of Layer-Wise Subset Update) via negative score filtering,
where at each PPO step, samples (i.e., rollouts) with negative scores are dropped from the update.

D.4 Reinforcement Learning with Verifiable Rewards

We now provide the missing details of the RLVR experiments in Section 5.3, including details on
datasets, libraries, training configurations, and data regularization.

D.4.1 Libraries and Datasets

We use the Verl framework'® [Sheng et al., 2024] (Apache-2.0 license) to train on the MATH
dataset?® [Hendrycks et al., 2021] (MIT license). We note that this experimental setup largely
follows the official example provided from Ver1,?! with different models and datasets.

D.4.2 Training Configurations

Each training sample is a math problem; the model generates 8 candidate solutions and receives a
verifiable reward from exact-match checking against the ground-truth answer. The policy is optimized
using GRPO [Shao et al., 2024] with training batch size 128, mini-batch size 32, micro-batch size
2 per GPU, KL coefficient 0.001 (low-variance estimator), learning rate 10~5, maximum prompt
length 1024, and maximum response length 2048. Gradient checkpointing is enabled. We train for 3
epochs and evaluate every 3 steps. All other settings follow the default Verl configuration.

D.4.3 Data Regularization

We instantiate the data regularization framework as in-run cross-validation with again the per-token
inner product introduced in Section 4.3.2: at each step, a random subset drawn from a pool of
held-aside training prompts serves as the target batch, and the reward-weighted log-probability on the
target rollouts provides the target signal. Then, negative score filtering is applied to the training batch
based on scores with this target, dropping all samples with negative alignment scores. The target
pool contains 512 prompts sampled from the training set, with target batch size 64; target rollouts are
regenerated at every step using the current policy.

D.5 System Efficiency

We now provide additional benchmarking results that we omitted in Section 5.4, where specifically,
we provide a comparison with the two-pass implementation of Global Subset Update (named Subset
(2P)) as introduced in Section C.2. Tables 7 and 8 provide per-component breakdowns (ms) for the
three benchmark models on a single A40 GPU across two batch configurations, without and with
activation checkpointing, respectively. The format mirrors Table 3; for Subset (2P), the scoring and
gradient passes are shown separately. Table 9 consolidates the corresponding peak GPU memory.

Yhttps://github.com/verl-project/verl

https://github.com/hendrycks/math

2lhttps://github.com/verl-project/verl/blob/65eb5a15058d73ef54064092222b7af67d658241/
examples/grpo_trainer/run_qwen3-8b.sh
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Table 7: Per-step component breakdown (ms) on a single A40 GPU across three models and two
batch configurations (m = 1, k = n/2, compressed scoring).

(a) SMOLLM2-360M, n = 8, T = 512.

(b) SMOLLM2-360M, n = 2, T = 1024.

Full-Training Layer-Wise Subset  Global Subset (1P)  Global Subset (2P) Full-Training Layer-Wise Subset  Global Subset (1P)  Global Subset (2P)
Component Score Grad Component Score Grad
Forward 78.4 88.6 88.9 88.7 46.5 Forward 46.9 61.5 61.4 61.3 47.0
Backward 155.7 234.0 193.0 161.5 81.4 Backward 83.1 229.0 173.8 139.9 722
a.grad 325 342 333 334 16.1 a.grad 16.1 27.0 26.6 26.7 14.2
scoring — 43.8 22.5 225 — scoring — 62.7 36.8 33.6 —
w.grad 2.5 435 30.7 — 15.5 w.grad 15.5 48.1 24.0 — 12.5
autograd 95.6 112.7 106.5 105.6 49.8 autograd 51.6 91.2 86.5 79.6 45.5
Optimizer 26.6 26.6 26.6 — 27.8 Optimizer 26.6 26.6 26.6 — 278
Total 261 349 (+34.0%) 309 (+18.4%) 405 (+55.2%) Total 157 317 +1025%) 262 (+67.25%) 348 (+122.4%)

(¢) TINYLLAMA-1.1B,n =8, T = 512.

(d) TINYLLAMA-1.1B, n = 2, T = 1024.

Full-Training Layer-Wise Subset  Global Subset (1P)  Global Subset (2P) Full-Training Layer-Wise Subset  Global Subset (1P)  Global Subset (2P)
Component Score Grad Component Score Grad
Forward 155.5 168.4 167.9 168.2 823 Forward 83.8 121.7 121.7 121.6 48.8
Backward 3125 352.8 3442 270.0 163.5 Backward 166.5 2413 2335 188.9 91.8
a.grad 933 96.6 96.6 96.6 48.8 a.grad 48.9 67.8 67.7 67.7 277
scoring = 356 Sl Sl = scoring = 234 20.1 20.1 =
w.grad 91.7 712 73.4 — 47.6 w.grad 475 475 437 — 26.1
autograd 127.6 143.4 142.9 142.1 67.1 autograd 70.1 102.6 101.9 101.1 38.0
Optimizer 81.2 81.3 81.2 — 81.2 Optimizer 81.2 81.2 81.2 — 81.2
Total 549 602 (+9.7%) 593 (+8.0%) 765 (+39.3%) Total 332 444 (+34.0%) 436 (+31.6%) 532 (+60.6%)

(e) LLAMA-3.2-3B,n =8,T = 512.

(f) LLAMA-3.2-3B, n = 2, T = 1024.

Full-Training Layer-Wise Subset  Global Subset (1P)  Global Subset (2P) Full-Training Layer-Wise Subset  Global Subset (1P)  Global Subset (2P)
Component Score Grad Component Score Grad
Forward 3433 387.5 390.0 388.9 183.1 Forward 184.9 264.0 265.3 264.8 101.0
Backward 828.2 825.6 820.2 583.5 4273 Backward 431.8 509.7 503.5 393.0 202.5
a.grad 228.9 255.8 256.8 256.9 118.1 a.grad 118.0 165.4 166.3 166.0 63.7
scoring = 49.7 45.4 45.3 = scoring = 34.6 314 314 =
w.grad 3422 233.1 2354 — 174.6 w.grad 174.4 108.2 109.1 — 63.2
autograd 257.1 287.1 282.6 281.4 134.6 autograd 139.4 201.5 196.6 195.6 75.6
Optimizer 2354 2354 2355 — 2355 Optimizer 235.6 2354 2355 — 2355
Total 1407 1449 (+3.0%) 1446 (+285%) 1818 (+29.2%) Total 852 1009 (+18.4%) 1004 (+17.85%) 1197 (+40.4%)
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Table 8: Per-component breakdown (ms) with activation checkpointing on a single A40 GPU across
three models and two batch configurations (m = 1, k = n/2, compressed scoring). Format mirrors
Table 7.

(a) SMOLLM2-360M, n = 8, T = 512. (b) SMOLLM2-360M, n = 2, T = 1024.
Full-Training Layer-Wise Subset ~ Global Subset (1P)  Global Subset (2P) Full-Training Layer-Wise Subset Global Subset (IP)  Global Subset (2P)
Component Score Grad Component Score Grad
Forward 88.2 109.7 107.7 98.9 73.4 Forward 63.9 77.0 77.1 69.6 72.3
Backward 249.0 3114 297.1 258.6 1347 Backward 1354 305.6 252.8 218.8 148.0
a.grad 40.7 41.0 40.8 40.9 20.9 a.grad 20.8 345 34.1 34.1 18.5
scoring — 334 26.6 26.5 — scoring — 61.9 39.6 39.0 —
w.grad 36.2 433 37.5 — 20.0 w.grad 20.0 524 25.7 — 153
autograd 172.0 193.8 192.1 191.1 93.8 autograd 94.6 156.8 15ELS 145.7 114.2
Optimizer 268 26.8 26.8 — 27.8 Optimizer 269 268 268 — 28.0
Total 364 448 (+23.0%) 432 (+18.6%) 593 (+63.0%) Total 226 409 (+81.0%) 357 (+57.8%) 537 (+137.3%)
(c) TINYLLAMA-1.1B,n =8, T = 512. (d) TINYLLAMA-1.1B, n = 2, T = 1024.
Full-Training Layer-Wise Subset  Global Subset (1P)  Global Subset (2P) Full-Training Layer-Wise Subset Global Subset (1P) ~ Global Subset (2P)
Component Score Grad Component Score Grad
Forward 154.9 167.4 167.1 174.2 822 Forward 84.0 121.1 121.0 128.9 50.2
Backward 453.6 504.3 495.9 421.8 2383 Backward 242.8 3515 3438 299.3 136.9
a.grad 93.3 96.8 96.7 96.8 48.9 a.grad 49.0 67.8 67.8 67.8 27.7
scoring — 355 313 313 — scoring — 233 202 20.0 —
w.grad 91.8 77.1 73.4 — 47.6 w.grad 47.6 474 43.6 — 26.1
autograd 268.5 294.9 294.5 293.6 141.7 autograd 146.3 213.0 2122 2114 83.1
Optimizer 81.2 81.3 81.3 — 81.2 Optimizer 81.3 81.2 81.2 — 81.2
Total 690 753 (+9.2%) 744 (+7.9%) 998 (+44.7%) Total 408 554 (+35.7%) 546 (+33.8%) 697 (+707%)
(e) LLAMA-3.2-3B,n =8, T = 512. (f) LLAMA-3.2-3B, n = 2, T = 1024.
Full-Training Layer-Wise Subset  Global Subset (1P)  Global Subset (2P) Full-Training Layer-Wise Subset  Global Subset (1P)  Global Subset (2P)
Component Score Grad Component Score Grad
Forward 389.2 4374 438.4 4379 216.5 Forward 214.3 303.2 302.4 302.5 125.9
Backward 12335 1279.1 1267.8 1012.7 645.3 Backward 653.6 8293 819.4 693.2 331.1
a.grad 269.4 299.4 299.3 299.3 136.0 a.grad 136.0 198.4 198.3 198.4 75.0
scoring = 60.2 54.7 54.8 = scoring = 38.0 338 HEN =
w.grad 371.6 2549 254.0 — 189.5 w.grad 189.5 125.6 1249 = 76.2
autograd 592.5 664.6 659.7 658.6 319.8 autograd 328.1 467.4 462.3 461.1 179.8
Optimizer 236.8 236.8 236.8 — 236.8 Optimizer 236.8 236.8 236.8 — 236.8
Total 1860 1953 (+5.0%) 1943 (+4.5%) 2549 (+37.1%) Total 1105 1369 (+24.0%) 1359 (+23.0%) 1689 (+52.9%)

Table 9: Peak GPU memory (GB) across three models and two batch configurations (m = 1, k = n/2,
compressed scoring) on a single A40 GPU, with and without activation checkpointing (ckpt).

n=8,T=>512 n=2T=1024

Model Setting Full-Training  Layer-Wise Subset  Global Subset (IP) ~ Global Subset (2P) ~ Full-Training Layer-Wise Subset ~ Global Subset (1P) ~ Global Subset (2P)
SMOLLM2-360M  No ckpt 9.4 10.3 10.4 10.4 57 7.7 7.8 77

With ckpt 4.6 4.9 7.5 49 34 4.0 6.0 4.0
TINYLLAMA-1.1B  No ckpt 15.0 16.2 16.2 16.2 10.6 13.0 13.0 13.0

With ckpt 103 10.4 14.5 104 10.3 104 125 10.4
LLAMA-3.2-3B No ckpt 379 40.7 40.7 40.7 299 332 339 332

With ckpt 29.9 30.1 38.1 30.1 29.9 30.1 339 30.1
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